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LECTURE  I 

By  a  Lie  group  G   we  mean  a  set  together  with  both  a  group 
structure  and  analytic  structure  satisfying  the  requirement  that 

the  mapping  (a,b)  >  ab   of  CtxG     onto  G  should  be  analytic. 

We  begin  with  a  study  of  analytic  manifolds. 

ANALYTIC  STRUCTURES 

Let  M  be  a  topological  space .   For  each  point  p  £  M  ,  let 
there  be  given  a  family  A(p)  whose  elements  consist  of  pairs 
(U,f)  where  U  is  an  open  neighborhood  of  the  point  p  and  f  is  a.- 
real -valued  function  defined  on  U.   We  say  that  the  assignment  A 
of  AA(p)  to  p  defines  an  analytic  structure  on  M  if  the  following 
conditions  are  fulfilled  : 

A)  For  each  (U,f)  e  (A(p)  and  q  e   U,  we  have  (U,f)  £  A(q). 

B)  For  each  p  e  M  there  exists  a  set  of  elements 

{(U.,f.)}  i  =  l,2,...,p  of  A(p)  and  an  open  set 

r 
Vf  C  f]    U.  such  that  the  mapping 
i*l  x 

q >  (^(q),  f2(q),...,fp(q)) 


is  a  homeomorphism  of  V!  onto  an  open  subset  in  real 
cartesian  r-space  R  . 


2. 

C)  We  further  require  that  there  exist  for  {(U.,f.)}  and 

for  any  (U^f)  e   A(q)  with  q £  V*  an  absolutely  convergent 

11  1r 

power  series  P  =  2  a± i  (z^-f^q))   . . .  (zr-fr(q) ) 

1  i-, 

such  that  f(x)  =  2  a±  ...  i  (f-^x)  -  f-^q)) 

i 
(f  (x)  -  f  (q))  r  for  all  x  in  some  neighborhood  of  q. 

Definition 

Any  function  f  in  A(p)  is  called  analytic  at  p  (with  respect 
to  A).   We  read  condition  C)  as  f  depends  analytically 
on  f,,...,f  on  V1 .   The  set  of  functions  (f,,...,f  )  is 
called  a  system  of  coordinates  on  V*   or  also,  a  system  of 
coordinates  at  p3  or  also  a  base  for  A(p). 

D)  We  require  in  addition  that  if  {f_,,..,f  }  is  a 
system  of  coordinates  on  an  open  neighborhood  V1  and 
if  f  depends  analytically  on  f .,..., f  on  V1,  then 
(U,f)  e  A(p)  for  all  p  and  U  with  p  e   U  c.  V« . 

Let  [fn,.,.9f)   be  a  system  of  coordinates  on  V1  and  let  £ 
be  a  positive  real  number.   Set 

V   =  (qi  I  f-^q)  -  fx(p)  |  <■£  ,  ...,  |  fr(q)  -  fp(p)|  <  £  } 


For  all  sufficiently  small  £  ,  V   is  mapped  onto  the  cube  of 

£ 

r 
semi-edge  £  in  cartesian  space  R  .   For  such  £  ,  V.   is 


3. 


called  the  cubic  neighborhood  with  center  p  and  semi-edge  £ 
with  respect  to  the  coordinate  system  {f ..,...,  f  }. 

If  we  have  an  analytic  structure  A  in  a  set  M,    we  call  the 
pair  (M,A)  an  analytic  manifold  provided  that  M  is  a  connected 
Hausdorff  space.   A  function  f  defined  on  an  open  set  U  is 
called  analytic  on  U  with  respect  to  the  structure  A  if  and 
only  if  f  €  A(p)  for  all  p  £  U. 

The  following  is  sometimes  a  convenient  way  of  defining 
an  analytic  structure  on  a  space  M. 

Let  there  be  given  a  family  of  pairs  {11^,0*  ))  where  : 

1.  U00  are  open  sets  in  M 

2.  U  U ,     =  M 

3.  (h*"    is  a  homeomorphism  of  u^  with  an  open  set  of  Rr. 

Assume  that  for  each  pair  (oC,  (3  )  we  have 

$  °  °   0  *   is  an  analytic  mapping  of  (^  (U^fl  U  ?  ) 

We  can  then  define  on  M  an  analytic  structure  by  putting 
in  A(p)  all  pairs  (U,f )  where  U  is  an  open  neighborhood  of  p  and  f 
is  a  real -valued  function  on  U  satisfying  : 

,  -1 
f  o  I    is  analytic  on  ^(TT*)  ,  that  is,  it  is  ex- 
pandable in  a  power  series  at  each  point  of  the  open  subset 
(p  ©c  ^cl^     Q£   car-teSj_an  space. 


4. 


If  p  £  U^  we  can  get  a  base  for  the  analytic  functions  at  p 
by  letting  f±(x)  =  ifch  coordinate  of  j/^(x)  for  x  £  U1*  . 


DIMENSION  OF  A  MANIFOLD. 

We  note  that  if  V  is  a  cubic  neighborhood  of  the  point  p  with 

r 
respect  to  f,  j...5f   then  V  is  homeomorphic  to  R  .   By  the 

invariance  of  domain ^  p  cannot  have  a  neighborhood  homeomorphic 
with  Rs  unless  r  =  s.   Thus  ,    if  we  say  that  dim  M  is  r  when- 
ever p  has  a  neighborhood  homeomorphic  to  Rr  we  have  that  dim  M 
is  an  everywhere  defined  function  of  M  into  Z+  (  the  space  of 
non-negative  whole. numbers  and  is  continuous  -  since  every  point 
of  a  cubic  neighborhood  of  p  has  the  same  dimension.   Thus  dim  M 
is  a  constant  when  M  is  connected. 

Definition 

We  say  that  an  analytic  manifold  (M,A)  has  dimension  r  if  every 
point  has  a  neighborhood  homeomorphic  to  R  . 

Note  :   One  need  not  appeal  to  the  topological  definition  of 
dimension  to  define  the  dimension  of  analytic  manifolds. 

If  (f -,..., f  )  and  (g-,,...,g_)  are  two  sets  of  functions 
j.      r        j.      s 

such  that  each  is  a  system  of  coordinates  on  M  at  p,  then  by 
a  consideration  of  Jacob! ans  one  can  see  that  r  =  s.   Hence 
the  dimension  of  M  could  nave  been  defined  as  the  number  of 
elements  in  a  system  of  coordinates  on  M  at  any  point. 


5. 


PRODUCT  OP  MANIFOLDS 

Given  two  analytic  manifolds  (M,,A..  )  and  (IVL,Ap)  we  define 
an  analytic  structure  on  the  product  space  by  taking  A(m-,mp)  to 
consist  of  all  functions  depending  analytically  on  f1,...,f  , 
g1,...,gg   where  f-,...,f  is  a  base  for  A,(m,)  and  gn,...,gs 
is  a  base  for  Ap(m2). 

We  will  hardly  have  occasion  to  mention  more  than  one  structure 
on  an  analytic   manifold  .   Accordingly,  we  write  m  for  (M,A). 

Definition 

A  mapping  0  of  M-  to  M  is  called  analytic  if  for  every 
function  f  analytic  on  an  open  set  U  in  1VU,   f  o  (p     is 
analytic  on   w   U. 

Note:   The  product  structure  that  we  introduced  on  M,  x  fL  is 

the  smallest  structure  such  that  the  projections  onto  M.,  and 
Mp  are  analytic. 

PREVIEWS 

We  will  follow  the  ideas  of  Sophus  Lie  in  analyzing  the 
structure  of  the  Lie  group  G  by  means  of  certain  "infinitesimal 
transformations".  To  suggest  how  this  will  be  done,  we  consider 
the  following  : 


6. 

•  The  group  G  operates  on  itself  by  means  of  left  translation. 

That  is,  for  each  a  e  G  the  mapping  L  :  x  — >  ax  is  an 

a 

analytic  mapping  of  G  to  G.    In  fact  L  is  a  bianalytic 

a 

homeomorphism  of  the  underlying  manifold ,  with  itself, . 

•  The  mapping  a  — ->  L  is  an  (algebraic)  isomorphism  of  G 

a 

into  the  group  of  bianalytic  homeomorphisms  of  G  with  itself. 

•  If  U  is  any  neighborhood  of  a  topological  group  G  and  we  let 
H  be  the  subgroup  generated  by  U,   we  have  hU  £.  H  for  each 

h  £  H  and  hence  H  is  open  in  G.   Being  an  open  subgroup, 

H  is  also  closed. 

Hence,  for  a  connected  Lie  group  G,  each  neighborhood  U  of 

the  identity  generates  G  and  we  write  G  =  [I  if1   where  if1  denotes 

n 
the  set  of  elements  a  £  G  which  may  be  written  a  =  a.  ao  a3   '  "   a 

with  a.  e  U.   Since     L  .   =  I*   o  L,  ,  we  may  obtain  the 
entire  group  of  transformations  LG  by  products  of  the  trans- 
formations Ly  where  U  is  an  arbitrary   neighborhood  of  the  identity. 

By  taking  infinite simally  small  neighborhoods  of  the  identity  , 
we  will,  via  a  limiting  process,  recapture  the  operations  of  G  on  G 
by  mere  knowledge  of  the  operation  on  G  of  the  elements  "infinitesi- 
mally  near"  the  identity. 

We  will  now  clarify  the  notion  of  transformation  "infinitesi- 
mally  near"  the  identity  by  introducing  the  tangent  space  to  the 
group  G  at  the  identity. 


7. 

LECTURE  II. 

TANGENT  SPACE  TO  A  MANIFOLD  AT  A  POINT. 

If  we  think  of  a  surface  S  embedded  in  euclidean  3-space, 
we  have  a  clear  picture  of  what  is  meant  by  a  tangent  vector  to  S 
at  some  point  p  g   S.   It  is  a  vector  (  i.e.  it  has  direction 
and  magnitude)  in  3-space.   We  show  how  it  is  possible  to  speak  of 
tangent  vectors  even  when  we  do  not  have  an  embedding. 

Definition 

Let  p  be  a  point  on  the  manifold  M.   By  a  differentiable 

-curve  at  p   is  meant  a  mapping  (J£:  I  ■>  M  where 

I  =  {a  £  x  £  b)  with  12.  (c)  =  p  for  some  value  a  £  c  £  b, 
and  such  that  for  any  system  of  coordinates  on  M  at  p,  say 
{f, , .  .  .  ,f  J   we  have  : 


d  f ,  o  & 
i 

d  t 


exists  for  all  i  =  l,2,...,r. 
t=c 


Definition 


Given  two  differentiable  curves  at  p,   (£  and  \L  :    I  >  M 

with  (£(c)=  y^(c)=p  we  say   ^and  ^are  tangent  at  p 
in  case 

d  f .  o  [g  d  f .  o    ^   | 


d  t 


t-c       d  t  t-c 


An  equivalence  class  of  differentiable  curves  at  p  is 
called  a  tangent  vector  to  M  at  p. 


8. 

Note   The  chain  rule  for  differentiation  of  functions  of  several 

variables  shows  that  the  above  definitions  do  not  depend  on  the 
system  of  coordinates  {f. ,.,.,f  ). 

Remark   With  the  above  definitions  in  mind  we  think  of  a  tangent 
vector  as  telling  how  a  curve  "starts  out"  from  the  point  p. 

In  the  following  we  shall  adapt  another  definition  which  is 
technically  more  efficient.    It  is  based  on  the  observation  that  if 
C£  and  ^  are  tangent  at  p  t   M  and  f  is  analytic  at  p  then 


|t  (f  o.£)|     =  ^  (f  o  JO I 

at        i  t=c    az  t=c 


which  follows  easily  from  the  fact  that  the  equality  holds  for  any 


system  of  coordinates.    Thus,  each  tangent  vector  at  p  allows  us  to 

t=c 


assign  to  any  function  f  analytic  at  p  a  number  -  viz  ?rr{f  o  Gl) 


dt 

where  ^is  a  representative  curve  from  the  given  tangent  vector. 
For  this  reason  we  call  a  tangent  vector  at  a  point  a  "directional 
differentiation  at  p". 

Definition 

A  tangent  vector  to  a  analytic  manifold  M  at  a  point  p  is  a 
mapping  X  :A(p)  — — >  R  (real  numbers)  satisfying 

1)  X(f+g)  =  X(f)  +  X(g)   for  all  f ,g  €  A(p) 

2)  X(cf)   =  cX(f)        for  all  f  £  A(p)  and  c  a   R 

3)  X(fg)   =  X(f)  g(p)  =  f(p)  X(g) 


9. 


Note 


Since  X(l)  =  X(ld)   =   X(l)l  -f  1X(1)  =  2X(l)  we  have  X(l)  =  0 


and  hence  X(c)  =  0  for  any  constant  c. 

Example 

1      r 
Let  {x  3  . . .  x  }  be  a  system  of  coordinates  at  p  e   M  and  let 

f  6  A(p).    We  may  regard  f  as  a  function  on  euclidean  space 

Rr  by  considering  the  mapping 


r 


j#  :  q  - >  (x  (q),  x  (q),...,x  (q)) 


of  a  neighborhood  of  the  point  p  onto  a  cube  in  Rr  -  we  have 
f(q)  =  f  o  fi   -1  (x1(q), . . . ,xr(q)).   Then  the  directional 


derivative , 


-> 


2 

X" 


-1 


VT 


(f  o  0       )   is  a  tangent  vector  at  p. 


P 


1      r 
Notation   Let  [x  , . . . ,x  }  be  a  system  of  coordinates  at  p.   Let  j# 

be  the  mapping  q ■>  j#(q)  =  (x  (q)>-««>x  (q))  of  a  cubic 

neighborhood  of  p  into  the  euclidean  space  Rr( whose  coordinates 

will  be  denoted  by  (u1J(..,u  )  ). 


We  define  the  symbol 


2_    (f)   tomean   lit    o  fS) 


'ax1 


q 


3u: 


P(q) 


That  we  get  the  expected  for  ula  for  directional  differentiation 
is  demonstrable  as  follows  : 


Lemma  2 . 1 


Given     i)   f  £  A(p) 

1     r-» 
ii)   (x  , . . . ,x  )   a  system  of  coordinates  at  p 

iii)   D  a  tangent  vector  at  p 

we  have 


Df  = 


If, 

rs    1 
tyT 


Dx1  + 


P 


>x" 


3;-1 


Dx     +    . . 


P 


21 

2xr 


DxJ 


(  I 


10. 
Proof 


Setting  j2f(p)  =  (a1,..., a?)   and  A.  =   (f  °.^ 

"3u 


-1 

we  get 

0(P) 


f  o  0"1   =  f(p)  +  2  A.  (u^a1)  +  2  A,  ,(u1-a1)(uJ-aJ) 

i  i,J   J 

and  hence      f  =  f(p)  +  2  A.  (x^-a1)  +  2  (A.,  o  p)  (x^a1)  (xJ°-a°) 

where  the  A.  .  are  analytic  functions  around  j2f  (p). 
Taking  D  of  both  sides  we  get 


Df  =  2  A,  Dx1  =  2 


i  i       i   dx1 


Dx1 


P 


Definition 


We  set  h    =  (  tangent  vectors  to  M  at  p)  and  call  this  family  of 
operators  the  tangent  space  to  M  at  p. 

Given  D,  and  Dp  tangent  vectors  we  define  (D,+Dp)(f)  = 
D-,f  -i  Dpf  and  (cD,)f  =  c(D,f)  for  any  constant  c.    It  is  easily 
verified  that  (D,-;-Dp)  and  (cD-.)  are  again  tangent  vectors  and, 
so,  the  tangent  space  to  M  at  p  is  a  vector  space  over  R. 


Lemma  2.2 


dim  M  =  dim  M.   That  is,  the  dimension  of  the  tangent  space 

ir 


to  a  point  p  is  independent  of  the  point  p  and  is  equal  to  the 
number  of  functions  in  a  system  of  coordinates. 


Proof. 


The  r  tangent  vectors 


2 


?sx 


1 


t    '    •  •  3 


P 


2 


by  the  above  lemma.    Since 


11. 


span  Mp 


2*1 


p 


if  i=j 
0  if  i^J 


a  relation  Z  c   — —■ 

i      ^x1 


=  0  implies  cJ  =  0  for  j  =  l,2,...,r. 


Hence  the  vectors  > 


r  ^ 


Ldx" 


are  a  basis  for  Mp  and  the  result 


P, 


is  proved. 


An  extremely  important  property  of  analytic  mappings  of 

s       t 
R  into  R  is  that  tangent  curves  are  mapped  to  tangent  curves 

Because  of  the  local  nature  of  this  statement  we  have  the 

samefor  arbitrary  manifolds. 


Definition 


Given  an  analytic  mapping  of  the  manifold  M  to  the  manifold 
N5  (JL :  M  — >  n,  the  induced  mapping 


die 


P 


ML 


->  N 


G(P) 


defined  by 


d&  (X)f  =  X(f  o  UL)  for  any  X  £  ML  and  f  e  A(<X(p)) 

is  called  the  differential  of  C£  at  p. 

The  verification  that  Y  =  d(£  (X)  is  a  tangent  vector  is 
straightforward  and  it  is  easily  seen  that  d  C£  is  a  linear 


mapping  of  M  into  N 


a(p)- 


12 


Example 


Let  M  =  R  and  C£:R  — >  N  an  analytic  path.    Then 


di£ 


P   Vdt  IpJ     dtit=P 


Definition 


Given  analytic  manifolds  M  and  N  and  an  analytic  mapping 

(£, .  jyj >  jj  carrying  p  £  M  into  q  =  <X(p)  e  N  and  systems 

of  coordinates  (x  , . . . ,x  }  at  p  and  [y  s  . . . ,y  )  at  q  we  form  the 
matrix  of  d  'X  with  respect  to  the  bases 


?i 


"bx- 


2L 


3         '    •  •  3 


P 


2> 

■  Mi  i'  ■■  ■ 

->  r 


P. 


for  M 


P 


and 


2. 


7) 


\ 


^y 


S 


for 


N. 


This  matrix  is  an  rxs  matrix  with  constant  coefficients  whose 
entries  are  given  by 


_  ^(yJ  °  ^) 


ij 


O  X 


1 


J-  j>   o   •   •   'J     i 

J.   f    O    I    o    j)   U 


it  is  called  the  functional  matrix. 


13. 
Theorem  2.3 

If  d (£   is  a  monomorphism,  then  from  among  the  s  functions 
y  °  ^0 ,  y  o  02.  s  . . . ,  y3  ©  Cu  it  is  possible  to  select  a  system 
of  coordinates  at  p. 


Proof 


i  i 

We  can  select  y   o4,.,.,y  ro  Ct  so  that 


i 


det   \  ~\   "1     j     /  0. 


Set  zJ"  »  y  J  o  Ct 

Set  (  Z   :   q  — ->  (z  (q),...,z  (q)  ) 

q >  (x1(q),...,xr(q)  ) 

The  determinant  above  is  the  Jacobian  of  Z  °  X"*  and  we 

may  use  the  implicit  function  theorem  to  conclude  that  Z  o  x"* 

1     i       11 
has  an  analytic  inverse.   Then  Z   =  X"  o(Z  °   X  )   exists 

and  X  o  Z"1  =  (Z  o   x)"1.   It  follows  that  X  o  z"1  is  analytic 

r  1      r 

and  thus  x  ,...;x  depend  analytically  on  z  , . . . ,z  around  p. 

Hence  [z   3  . . . , zr}  =  {y   o  vL  , . . . ,y  r  o & }  is  a  system  of 

coordinates  at  p. 

Theorem  2 . 4 

If  d  C£  is  an  epimorphism,  then  y  o  UL  s . . .  ,y  o  ^  can  be 

enlarged  to  a  coordinate  system. 


14. 


Proof. 


The  functional  matrix 


is  an  rxs  matrix 


whose  rank  is  s. 


Now.  since  the  rank  is  s,  after  suitably  reordering  the 

fxJ}  .  ,     _  and  setting  z"1"  =  I  y1o^t  for  1=1,...,  s 
1   j=l, . . .,r  &      ) J 

x      for  i  =  s+1 , . .  . ,  r 


we  get  the  functional  matrix 


^^j/-. ...... , 


ut 


"3x . 


X' 


J2L 


P 


0 


E 


r-s,r-s 


[  in  which  E^      is  the  unit  matrix  of  rank  r-s] 

r —  s ,  r  —  s 

which  is  non- singular.   Hence  y  o(£,  y  o(t,...,y.  (£  , 
x   , . . . ,x   is  a  system  of  coorinates  at  p. 


Theorem  2.5 


If  d(JL    is  an  isomorphism,  then  iV     is  analytic  at  ^(p) 

ir 


Proof. 


It  results  immediately  from  theorems  2.3  and  2 A   that  the 
functions  y  o  (£,... ,  ySo  (£  are  a  system  of  coordinates  at  p. 
Theorem  2.5  is  then  a  consequence  of  the  fact  that  yXo££  o^L" 
y  for  i  =  l,...,s  are  analytic  by  hypothesis. 


15. 
Theorem  2.6 

(J)     =  0  for  all  p  ==$>  (Xis  constant. 


d 

Proof. 


It  suffices  to  show  that  CC  Is  constant  in  some  neighborhood 

of  p  (  for  p  fixed). 

1      r 
Let  {x  , . . . ,x  }  be  a  system  of  coordinates  at  p 

and  let   (y  ,  .  .  .  ,y  }  be  a  system  of  coordinates  at  q  =  ^(p). 
By  hypothesis  we  have 


2>  yJ'  °  (£■ 


=  0  for  each  i  and  j. 


^x1 

Therefore  yJ  o  (2,  is  constant  in  a  neighborhood  of  p.   That 
is  to  say  y1^  (q))  =  yX(j2f(p))   i  =  l,2,...,s.   As  the  (y1}  are- 
a  system  of  coordinates  we  must  have  0   (q)  =  0   (p)  is  a  neighbor- 
hood of  p. 
Remark . 

In  the  special  case  that  M  =  V^  a  real  vector  space  is  made  into  a 
manifold  in  the  obvious  way;  viz.  we  take  as  analytic  functions 
at  p  all  these  functions  which  depend  analytically  around  p  on 
linear  functions.   We  identify  V  with  V  in  the  following  manner  : 

Let  A  be  any  linear  function  on  V  and  X  any  element  of  M  . 
As  A     is  analytic  the  elements  of  M  are  contained  in  V 
(i.e.  the  dual  space  of  V",  which  is  itself  the  dual  space  of  V) . 


-**  ^ 


We  have  a  natural  isomorphism  V   ~  V  given  by 

v 
V   3  X  < >  X  £  V  where 

v 


X(  X)  =  X(X)  for  all  X  L   V* 
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In  particular  if  N  is  an  analytic  manifold  and  C£:n  - — >  V 
is  analytic  we  can  identify  the  differential  d(£   :N  -—  >  %/  v 
with  a  linear  mapping  of  N  — — >  V. 

As  a  special  case,  viz.  V  =  R,  the  differential  d  (JL   can  be 
regarded  as  a  real-valued  function  on  T.  (N)  (The  tangent  bundle 
of  N  which  is  merely  the  disjoint  union  of  N  for  all  p,  as  a 

» 

point-set)  which  is  linear  on  N  for  each  p. 

Note 

If  M  is  an  analytic  manifold  and  U  an  open  subset  of  M,  we  may 
regard  U  as  an  analytic  manifold  in  a  natural  way.   Specifically, 
a  function  f  is  said  to  be  analytic  at  p  £  U  if  it  is  the 
restriction  to  U  of  a  function  analytic  at  p  on  M.   This  is  the 

same  thing  as  saying  that  the  identity  map  i:  U  >  M  is  analytic. 

In  this  case  the  differential  di  is  an  isomorphism  for  each  p  £  U. 

Note 

We  point  out  here  that  the  chain  differentiation  rule  for 
analytic  manifolds  can  be  easily  verified  from  the  definition 
of  the  differential. 

Theorem 

If  m  ■•&  >  N  '  '  >  p  is  a  sequence  of  analytic  mappings 


then  d(  f    o  it)   =  df  o  d  (&,    . 
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LECTURE  III. 
ANALYTIC  VECTOR  FIELDS  ON  M 

By  a  vector  field  X  on  a  manifold  M  we  mean  a  function  which 
assigns  to  each  point  p  €  M  a  tangent  vector  X(p)  in  ML.   The 
vector  field  X  is  called  an  analytic  vector  field  if  for  each 

function  f  analytic  around  p  the  function  Xf  :  p  >  X(p)f  is  analytic 

1      r 
around  p.   In  terms  of  a  coordinate  system  (x  , . . . ,x  }  at  p  an  arbitrary 

vector  field  may  be  written: 

X(q)  =  X(q)xX  -2L-    +  X(q)x2  — -%-    +  ...  +  X(q)xr  J} 


2*1 


2 


X 


q  c^x 


We  see  that  the  above  definition  is  equivalent  to  : 

The  vector  field  X  is  analytic  if  for  any  system  of  coordinates 

1      r  i 

{x  ,  ...,x  }  on  any  neighborhood  V,  the  functions  q  >  X(q)x  (i;l,...r) 

are  analytic  on  V. 

Thus  an  analytic  vector  field  is  a  linear  combination  of  the 
vector  fields  •   n   whose  coefficients  are  analytic. 

INFINITESIMAL  TRANSFORMATIONS 

We  will  now  see  how  an  analytic  vector  field  gives  rise  to  an 
"infinitesimal  transformation"  on  M. 
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Let  X  be  an  analytic  vector  field  on  M.   Let  I  ,   be  the  open 

a  ^  d 

interval  a  <  t  <  b. 


Definition 


An  analytic  mapping  GLi    I  - — — >  M  satisfying  the  condition 


&(V 


d_ 
dt 


U 


=  X(&(x))     for  each  x  in  I. 


is  called  a  trajectory  to  X  on  I.    If  0  is  in  I  we  call  the 
point  (&(0)    €  M  the  origin  of  the  trajectory 


We  establish  the  existence  and  uniqueness  of  trajectories  in  the  follow- 
ing theorem. 


Theorem  3.1 


Let  Xbe-arr  analytic  vector  field  on  M  and  p  -G  M  .  Then  there 


exist 


i)   A  neighborhood  U  of  p 
ii)   A  positive  real  number  £ 
iii)   An  analytic  mapping  ££,:UxI 

that  for  each  q  e  u,  the  mapping 


<&(q,t)  :  I  . 


jG 


->  M 


->  M  such 


is  the  unique  trajectory  to  X  with  origin  q 
on  the  interval  I 


fc>£ 


anona 
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Proof. 

The  condition  required  is  that  for  any  function  f  analytic 
around  a  point  £&(p,t)  we  have  : 

1)  g§  (6£(q,t))  =  (Xf)(#(q,t))  for  all  q  £  V  and  It  |  <  6 

2)  l£(q,0)  =  q 

1      r 
Let  (x  ,  ...,x  }  be  a  system  of  coordinates  at  p  on  a 

neighborhood  V.    In  order  to  satisfy  condition  l)^  it  suffices 

,  i 
that  1)  ~-   (t£(q,t))  =  (Xx1)((£(q,t))     for  i  =  1,2, ...,r. 

Let  X  :  q  — >  (x  (q) ,  .  .  .  ,xr(q) )  be  the  mapping  of  V  >  Rr. 

In  terms  of  the  coordinates  on  the  neigborhood  X(V)  in  euclidean 

space 

1  \  i    i    -1 

1  )  becomes  after  setting     u  =  x  o  X 

a  =  x  (p) 

i     i 
A  =  Xx 

B1  =  A1  o  x"1. 
^(q,t)  =  X(6L  (q,t)) 

!')    %t°^~      (^(q,t))  =  Aj  o  X"1     (^(q,t)) 

or 

1*  )   g£  (^(q,t))  -  B1(^(q,t))   with  '/(q,0)  -  X(q) 

The  fundamental  existence  and  uniqueness  theorem  on  ordinary 
differential  equations  guarantees  the  existence  of  a  positive 
real  number  £  and  an  analytic  mapping   s  :  (u  ,...,u  ;t)  — >  V 

for   J  |U  T*i I  <  |      such  that 
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1)   §§-  (  ^  (u;t))  =  B±(^(ujt)),  where  u  =  (u1 , . . . ,uT  ) 


2)   £  (u;0)  =  u 


Setting  f-{q,t)   =    5  (X"1  u;  t)  and  ^6(q,t)  =  X"1  ^(q,t) 


we 


have  the  desired  mapping  (£. :  Vxl     — — >  M  . 

Lemma  3 . 2 

If  (£is  a  trajectory  to  X  on  an  interval  I  ,  and  c  is  any 

a  j  d 

real  number,  then  t — — >  UL  (t+c)   is  a  trajectory  to  X  on  the 
interval  Ia_c#b_c 

Proof 

The  mapping  L  :  t  — >  t+c  of  I    .    to  I  .    sends 

c  a- c , u_  c     a } 0 


isr    tolr     since  §t-  f(t+c)  =  f  (t+c)  for  f  analytic 
dt|x      dt|x+e       dt 


Setting  l£(t)  =  C£-(t+c)  =  1&°L  (t)  we  get 


d  ^  (  It,  )=   dtJ^  odLc  (  h,    ]  m   d  (L{   It.   >  "  x(t£(t+c)) 


X  |X  |X+C 

=  x(f(t)) 

Corollary  to  Theorem  3.1 

If  l£  and  y^  are  trajectories  to  X  on  I  ,   with  c£(c)  =  ^(c) 
for  some  c  in  I  .  then  ££and  y^   coincide  throughout  I  .  . 
Proof. 

Using  the  lemma  and  theorem  3.1  we  see  that  if  (Si  and  (^coincide 

at  a  point  of  I  ,  ,  they  coincide  in  some  neighborhood  of  that  point 

a  3  d 

Thus,  the  set  of  points  on  which. (t  and  ^  coincide  is  open.    This 
subset  is  clearly  closed.   Hence  *-f  and  ^  coincide  On  the  entire 
interval . 
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We  know  from  ordinary  differential  equations  that  we  cannot 
expect  to  be  able  to  define  the  trajectories  for  all  t  £  R. 
Theorem  3.2.  states  that  we  may  speak  of  a  trajectory  with 
largest  domain  of  definition 


Definition 

Let  I  and  I  be  open  intervals  with  I  CI.  Let  Ui  and  (Jc. 

be  trajectories  to  X  on  I  and  I  respectively  and  let  ML 

restricted  to  I  coincide  with  (1L    .    Then  we  say  i£'  <  UL . 

Theorem  3.2 

Let  X  be  an  analytic  vector  field  on  a  manifold  M  and  let  p 

be  any  point  of  M.   There  exists  a  unique  maximal  trajectory  to 

X  with  origin  p. 
Proof 

We  remark  that  we  here  view  a  trajectory  as  a  subset  of  MxR. 
The  subsets  are  partially  ordered  by  inclusion  and  this  is  the  same 
as  the  ordering  defined  above  in  view  of  corollary  to  theorem  3.1. 

Let  T  be  the  union  of  all  trajectories  to  X  with  origin  p. 
T  is  a  well-defined  function  because  of  the  corollary  to  theorem 
3.1.  It  is  a  trajectory  and  T,  <  T  for  any  trajectory  T,  with 
origin  p. 
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EXPONENTIAL 
Definition 

Let  t  - — >  0C(p,t)  denote  the  maximal  trajectory  to  X  with 

origin  p.     c£(p,t)  :  I  ,  — >  M  and  t£(p,0)  =  p.    Set 

a  j  d 

D  =  [(p,t)  ■  (£(p,t)   is  defined  }  and  D.   =  (pj(p,tn)  €  D} 

J  ^0  U 

The  set  D,  and  hence  D.   ,  is  open  by  virtue  of  theorem  3.1 

r0 

Definition 

The  mapping  p  — >  t£(p,t)  for  p6D,  is  called  exp  tX(p). 
It  is  an  analytic  mapping  with  domain  D.  for  a  fixed  t. 


23. 
LECTURE  IV 

EXPONENTIAL  CONTINUED 

Theorem  ll 

exp  (t-fs)  X  (p)  =  exp  tx  o  exp  sX(p)   whenever  the  right 
side  is  defined . 

Proof. 

If  (&>  is  a  trajectory  to  X  with  origin  p  then  t  - — >(£(t+c) 
is  a  trajectory  to  X  with  origin  6d(c)  (Lemma  3.2).   By  the 
uniqueness  of  trajectories  (Corollary  3.3)  we  know  that 

t >  exp  (t+s)X(p)  coincides  with  the  trajectory 

t  ; >  exp  tX(exp  sX(p))   for  all  t  such  that  (exp  sX(p)5t) 

is  in  the  set  D. 

Exercises 


1.  Let  M  be  a  compact  analytic  manifold  and  X  an  analytic 
vector  field. 

a)  Show  D  =  MxR 

b)  The  mapping  exp  tX  is  a  bi-analytic  mapping  of  M  to  M 

c)  The  map  t  — — >  exp  tX  is  a  homomorphism  of  the 
additive  group  of  real  numbers  to  the  group  of 
bianalytic  maps  of  M 

2.  A  point  p  €.  M  is  fixed  under  exp  tX  for  all  t  <±=>  X(p)  =  0 

3.  Let  M  =  R1.    Find  D  for 

a)  X  =  x  |- 

'  dx 

v^    v    2d 

b)  X  =  x   -r— ■ 
'  dx 
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Definition 

Let  (£:  M  >  N  be  an  analytic  mapping  of  the  analytic  manifolds 

M  and  N.  Let  f  be  a  function  analytic  around  0£(p)  for  some 
p  &  M.  Then  f  ©  (JL  is  analytic  around  p  and  we  call  the  map 
%  :    f  >  f  o  &    the  transpose  of  <JL   . 

The  following  theorem  justifies  the  use  of  the  terminology  "exp" 
in  this  context. 
Theorem  4.2 

Let  f  be  a  function  analytic  around  p  £  M.   There  exists  a 

positive  real  number  a  such  that 

f(exp  tX(p)  =  2   ^  Xn  f(p)  for  |t|  <  a. 

n=0  n* 

Moreover  this  .  enaction: -  holds  whenever  the  right  side  exists. 

Proof. 

S  dt"  §(exP  tX(p))  =  Xg(exp  tX(p))  for  any  analytic  function  g 

dn  _n 

•  Ifence  -  —      f(exp  tX(p))  =  X^f(p).   Thus  we  see  that  the 

dt  |t=0 
right-hand  side  is  just  the  Taylor  series  for  f  o  exp  tX(p)  and 

the  theorem  is  proved . 

The  formula  of  theorem  4.2  has  the  following  sheaf -theoretic 
interpretation  : 

We  view  the  manifold  M  as  a  sheaf  A  over  the  underlying  topo- 
logical space  with  stalk  A(p)  at  p.   The  vector  field  X  can  be  regarded 
as  an  operator  taking  A(p)  into  itself.   The  operation 


exp  X  :  f  >  f  o  exp  X  is  defined  on  a  subsheaf  A1  and  maps 

A'  (p)  into  A(p).   The  operator  f  >   2    -4*  ls  defined  in  a 

subsheaf  A*   and  maps  A  (p)  >  A(p).   Then  theorem  4.2  states  that 

A'  3  A*  and  that  exp  X  is  an  extension  of  2  —{-i.e.  exp  X  =  2  -f  on  A' 

n=0  n'  n=0  n* 

Note 

The  term  "infinitesimal  transformations"  is  used  in  the  literature 
to  mean  the  analytic  vector  field  X.   The  transformations  exp  tX 
are  called  "finite  transformations" 

SUMMARY 

Given  an  analytic  vector  field  X  on  manifold  M  we  form  the 
family  G  of  (so-called  "finite")  transformations  exp  tX.   This 
family  has  the  property  that  there  is  a  well -determined  open  subset 
D  c  RxM  such  that  exp  tQX{  p)  is  defined  and  analytic  on  the  open 
set  Dt  =  {(tfl   )j    (  t^,p)  £  D}.   For  fixed  p0  tM 
exp  tX(p0)  :  I  -  - — >  M  is  the  maximal  trajectory  to  X.  ©n  M 
with  origin  pQ. 

ANALYTIC  FAMILIES  OF  TRANSFORMATIONS 

Given- the  analytic  vector  field  X  on  M,  the  associated 
family  G  has  a  "group-like"  character.   More  specifically,  each 
transformation  exp  tX  in  G  has  an  inverse,  viz  exp  -tX.   Further- 
more, the  family  G  has  a  property  resembling  closure  under  compos- 
ition since  exp  t.,X  o  exp  tpX  =  exp(t,-i-tp)X  e  G  whenever  the  left- 
side is  defined  (  theorem  4.1) 
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Thus,  abstractly,  G  is  a  set  of  homeomorphisms  mapping  open 
sets  of  M  into  open  sets  of  M  and  satisfies  : 

1)  for  each  T  in  G,  T"1  is  in  G. 

2)  for  each  pair,  T,,T2  in  G  with  domain  T2  C] image  T,  ^  fl 
we  have  Tp  o  T..  is  the  restriction  to  TT   (domain 

u?        T2  0  image  T,  )  of  an  element  of  G. 

We  introduce  the  following  general  notion  in  order  to 
formulate  the  connection  between  a  Lie  group  and  its  infinitesimal 
transformations . 

8efjj*iti$n  of  analytic  family  of  transformations. 

Let  P.^ad  M  be  analytic  manifolds  and  let  D  be  an  open  set  in 

P><Jfl    Let  (£:D  — — >  M  be  an  analytic  mapping  and  for  each  g  e   P, 

ec  (£  be  defined  by  (£  (x)  =  (£(g,x)  for  (g,x)  contained 
g  g 

lit  D.   Denote   by  D  the  set  of  all  x  £.  M  such  that  (g,x)  is 

*n  D.    If  (£      is  a  bianalytic  map  of  D  «nto  ((?  (D  )  for  each 

(£P,  we  call  the  triple  (P,M,  (JL  )   an  analytic  family  of 

transformations  in  M.   P  is  called  the  parameter  space  of  the 

Jtamily. 

Let  E  be  a  non-empty  open  set  in  M  and  E  C   D0  f]  D.  for  some 

a    o 

&  and  b  in  P  with  (Ji     =  (£,    on  E.  Then  we  write  a=l»(E)  and  this  is 

,an  ^quivftlance  relation  in  F.  If  U  and  V  are  subsets  of  P  we  write 

liciV(E)  If  for  every  ac-  U  'there  exists  a  b  €  V  with  a=b(E).Jf  a,b,c 

4re 

/  Elements  of  P  such  that  (£,  o  (f_   and  (£    are   each  defined  on  E 

oa      c 

$nd  coincide  on  E,  we  write  b  o  a  =  c(E).   If  1  is  an  element  of  P 


•         * 


.? 


<s      . ;  *  ^ 
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with  D,  m   M  and  (JZ   =  the  identity  map  of  M  onto  itself,  we  call 
1  an  identity  of  P.   Let  1  be  an  identity  of  P  and  let  K  be  an 
arbitrary  compact  subset  of  M;   then  we  can  find  a  neighborhood 
U  of  1  such  that  UxK  c  D;  that  is,  K  C   D  for  all  g  6.  U. 

Definition  of  pseudogroup 

An  analytic  family  of  transformations  (P,M,  (Si  )   is  called  a 
pseudogroup  if  the  following  conditions  are  satisfied  : 

a)  P  contains  an  identity  ,  1= 

b)  For  any  relatively  compact  domain  E  in  M  (i.e.  E  is 
compact)   we  have  : 

1)  For  each  neighborhood  U  of  1,  there  is  a  neighbor- 

hood  V  of  1  and  an  analytic  mapping  g  ■ >g  of 

V  ~_>  u  such  that  E  c   D  f\   D  '  and  (&.   /  =  (J71  on  E 

g    g        g   ^  g 

NfFE  '    As  we  shall  see  in  Lecture  VI  this  condition  is 

actually  a  consequence  of  the  others. 

2)  Given  g  £  P  with  DDE  and  given  a  neighborhood 
U  of  g,  there  exist  neighborhoods  V  of  1  and  W  of 
g  and  an  analytic  mapping  y^VxW  — ->  u  such  that 

i)  /Ct(h,k)   =  h  o   k  (E) 
ii)   h  >/u.  (h,g)  is  regular  at  1. 
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THE  LOGARITHMIC  DERIVATIVES  OF  AN  ANALYTIC  FAMILY 

Let  (PjM,  KL)  be  an  analytic  family  of  transformations  in  M. 

For  each  tangent  vector  XtoPatg<^P(i.e.  for  X  £  P  )  we  shall 

g 

associate  an  infinitesimal  transformation  on  the  domain  D  as 

6 

follows  :   let  /-  denote  the  mapping 

Y-:    h— >(£h    otii-1^) 

which  is  defined  on  a  neighborhood  of  g  in  P.    We  define 
X(X)X  =  d^h(X)  for  x  £Dg. 

An  alternative  description  of  A  (X)  can  be  given  in  the 
following  way.   Let  g(t)  be  a  differentiable  path  in  P  with 
g(tQ)  =  g5  and  assiiime  that  the  tangent  at  tQ  is  X.   Thus  for  any 
function  f  analytic  around  x  £  M  we  have  : 

|  ^x>xf  =  at|t=to  ffg(t)  «_1g(t0)    W) 

In  other  words  : 

^(x)  =  dt|t=t   te._1g(t0)  (ie(t) 

where  t&,  is  the  transpose  of  the  mapping  (SL   .    The  infinitesimal 
transformation   X  (X)  is  called  the  logarithmic  derivative  of  the 
family  along  the  tangent  vector  X  .    If  X  c  P  3     X(X)  is  defined 
on  D  .    If,  in  particular,  X  £  P, ,   A(x)  is  defined  throughout  M. 
We  set  X   =  \(¥   )   and  we  saY  £  a-   is  independent  of  g 


if  £       coincides  with  •£ ..    on  D  . 
g  1     g 


r  ■"■ 
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LECTURE  V 


We  now  state  the  fundamental  theorems  of  Sophus  Lie. 
Theorem  5.1  will  be  proven  in  lecture  VI  and  Theorem  5.2  in  lecture 
VII.   A  proof  of  theorem  5.3  will  be  given  later. 

THE  FUNDAMENTAL  THEOREMS  OF  LIE 

Theorem  5.1 

Let  (P,M,  UL)   be  an  analytic  family  of  transformations 
in  M  having-an^ identity  1.   Assume  that  on  P, ,  logarithmic 
differentiation  X  - — ->  X  (X)  iS-_a_jDne-o-ne~mapping.1^   Then 
(P,M,  (i)  is  a  pseudogroup  if  and  only  if  £      =   A  (Po-)  is 

o  o 

independent  of  the  particular  choice  of  g  in  P, 

Moreover  there  is  a  neighborhood  U  of  0  in  the  linear 
space  X  )   an  open  non-empty  set  E  in  M,  and  an  analytic  map 
?  :  U  >  P  such  that 

i)     e(o)  =  i 

2)  dpQ(  A(X))  =  X  for  all  X  a  ?±   (We  have  identified 

» 

^f0  with  ^S  here  as  pointed  out  in  lecture  II.) 

3)  exp  X  coincides  with  ££>/-)  on  E  for  all  g  £  U. . 

Given  infinitesimal  transformations  X  and  Y  on  the  manifold 
M,  we  readily  verify  that  XY  -  YX  is  again  an  infinitesimal 
transformation  :  it  is  certainly  linear  and  we  have  : 

fXY-YXH££}-=  X(Yf.g  +  f'Yg)  -  Y(Xf-g  +  f  Xg)  = 
(XY-YX)f-g  +  f-(XY-YX)g 


n 
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We  denote  XY  -  YX  by  the  symbol  [X,Y]  and  verify  easily  that 

1)  [^1X1  4-  o^2X2,Y]  =  ^1[X1,Y]  +  -<-'2[X2,Y]  (Linearity) 

2)  [X^Y]  =  -[Y,X]     ( Ant i- symmetry) 

3)  |_[X,Y],Z]  +  l.[Y,Z],X]  +  |[Z,X],Y]  -  0     (Jacobi  identity) 

efinition 

A  finite-dimensional  vector  space  X  together  with  an  operation 
[  ,  ]  :  X  x  £>  — — >  Jj  satisfy8ng  the  three  properties  above  is 
called  a  Lie  algebra. 

We  define  ad  X  :  Y  >  [X,Y]  and  note  that  the  mapping 

ad  :  X  • >  ad  X  is  a  homomorphism  of  the  Lie  algebra  <£   into  the 

Lie  algebra   Horn  (<£,£)    ,   the  latter  made  into  a  Lie  algebra  by 
taking  [A,B]  =  AB-BA  for  A,B  ■&     Hom(*£,  £  )    ) .   That  is 

ad  [X,Y]  -  [ad  X,  ad  Y] 

Moreover,  for  any  X  in  oh  ,   ad  X  is  a  derivation  of  <£    ,   that  is 

ad  X([Y,Z])  m   [ad  X  (Y),Z]  +  [Y,  ad  X(Z)]. 

theorem  5.2 

Let  J?  be  a  linear  family  of  infinitesimal  transformations  on  a 
manifold  M.   Let  L  =  (exp  X;  X  e  £  } .   Then  if  L  is  a  pseudo- 
group  of  transformations  in  M  we  have  [X,Y]  e   £    for  any  X,Y  in  ^  . 

Conversely;  if  [X,Y]  g  £    whenever  X3Y   £  £  ,   then  there 
exists  a  neighborhood  U  of  0  in  £  such  that  exp  U  is  a  pseudo- 
group  of  transformations  in  M. 

The  linear  family  £    is  called  the  Lie  algebra  of  the  pseudo- 
group  L. 
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Theorem  5.3 

Given  a  Lie  algebra  A  over  the  field  ©f  real  numbers ,    there 
exists  a  manifold  M  and  a  Lie  algebra  of  infinitesimal  trans- 
formations on  M  that  is  isomorphic  to  A, 

Exercises 


1.  Let  M  =  R  .   Let  <£>   be  the  linear  family  ©f  infinitesimal 
transformations  generated  by  X  =  g—  and  Y  =  x?~  .   We 
readily  verify  that  [  X  3  <L>  ]     c  £>    a®d  in  this  ease 

L  =  {exp  X;  X  £  £  )  is  actually  a  group. 

2.  Let  M  =  R1  and  X  =  ~-  ,  Y  «  x™  ,  Z  =  x2—-.  The  linear 
span  Id  of  XJ  and  Z  is  again  a  Lie  algebra  and  L  is  the 
group  of  projective  transformations  on  the  line. 

3.  Let  G  be  the  group  of  rigid  notions  of  the  plane.   Find  the 

associated  family  of  infinitesimal  transformations.   Do  the 

p 
same  for  the  group  of  rigid  notions  of  the  2- sphere  S  . 
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LECTURE  VI 

We  begin  by  observing  that  if  (P,M,  QL-)   is  a  pseudogroup,  then 
Ll   =  /\(P  )  is  independent  of  the  choice  of  g,  in  the  sense  of  lecture 
IV.   To  see  this,  let  c(t)  be  a  differentiable  path  in  P  with  c(0)  =  a. 
Since  right-translation  by  a  is  defined  in  a  neighborhood  of  1  and  is 
regular  at  1  we  may  write  c(t)=cl(t)  o  a  where  c7(t)  is  a  differen- 
tiable  path  satisfying  c'(0)  =  1.   We  then  have  c(t)  =  a  o  c'(t)  and 


^  cftoJ^tcCt)]  =  fg-  [eM^)-1  a"1]  [a  o»(t)  ] 


=  hcHto)'1  [c'(t)] 


showing  that  <E   =  Z>  n  . 

a      j. 


We  now  prove  the  converse.   Namely,  we  assume  that  X  =  <U -  ~  \(F~) 
Is— i ndepfinrient-of^-g—and  "that  the  analytic  family  (P,M,  (H)   contains  an 
identity,  1.   Also  assume  that  logarithmic  differentiation  X  — — ■>  \(X) 
is  a  one-to-one  mapping.   We  will  show  that  (P,M,  UL)   is  a  pseudogroup. 

Let  c  be  a  point  of  P.   As  J=  A     for  all  c,  the  logarithmic 
differentiation  Aon  P  gives  a  map  l\  of  the  tangent  bundle  f  (P)  of 
P  ante  do  -  a  bundle  over  a  point.     J\   is  an  analytic  fiber  mapping. 
More  explicitly  -  let  U  be  a  coordinate  neighborhood  in  P.   Then  the 
tangent  bundle  tT(U)  is  identified  with  U  x  Rn  where  n  =  dim  P.   Define 
A^;  u  >  £  by    A-(e)  =  J\(c,oC  )   =  o<f  *  for  c  e   U  and  oC  a  fixed 


vector  in  Rn.   Then  we  have 
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Lemma: 


J\   ,  (c)  is  analytic  in  c 


Proof 


An  arbitrary  linear  function  £  on  oo    is  of  the  form 

X  ■ >  Xf(p)  where  f  is  analytic  at  p.    We  must  check  that 

(£  of\  )(o9cC)   is  analytic  in  c.   This  can  be  rewritten  : 


(^  o  A)(o,«( )  =  ui  f(p)  = 


d_ 
dt 


|t=of((£°+1«   c 


°&~}   (p)  ) 


which  is  analytic  in  c  since  ^L   is  analytic  in  c  £  P  and  p  £  M. 

For  notational  convenience  ,  we  denote  c£   by  c. 

Let  u'  be  a  neighborhood  of  a  e   P.   Fix  a  coordinate  neigh- 
borhood V"  of  1  £  P  and  let  b(t)  be  an  analytic  path  in  V7  with 
b(0)  =  1.   Denote  the  coordinates  of  b(t)  by  (8t, (t) , . . . ,  3  (t) ) 
Y    (t).   We  wish  to  prove  that  there  is  a  path  c(t)  with 


(T)   b(t)  o  a  =  c(t) 


(E) 


whenever  b(t)  lies  in  a  suitable  neighborhood  Vc  v  .    We  derive 
a  differential  equation  for  c(t)  upon  taking  logarithmic  derivatives 
®f  both  sides  of  ©  -  viz  : 


<-o 


c(t)  =  a  o  b(t) 


and 
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fe  c(t0)_1[o(t)]  =  g-     [b(tQ)  a-1] [a  b(t)] 


|t=tQ    «  »"|t-t0 


^|t-t  b(*°)_1  tb(')] 


that  is 


®    Ac(t)  (c(fe))  =  Ab(t)   (i(t))    for  each  ta 

From  (2)     and  the  Lemma  above  there  results  the  differential 
equation 

@   c(t)  =  P(c(t),  b(t))  [b(t)]  =  G(c,t)b 

•  a 

where  b(t)  and  c(t)   (the  tangent  vectors  to  b(t)  and  c(t),  res- 
pectively) are  in  P,  and  P  ,  respectively,  and  F  is  the  linear 
mapping   \~      0  /\,    of  ?-,    onto  P  .   Equation   (j)  can  be  written 
(with  respect  to  a  set  of  coordinates  x,,...,x  )  in  the  form  : 

<Q>     x.  =  2  %A*,t)   b. 

1   j=l   ±J       J 

where  (  (Q_  .   . (x,t))  is  the  matrix  of  A"   °   Av,*   The  analytic 
dependence  of  the  right  side  on  the  initial   conditions  a  =  x(0) 
and  t  shows  that  we  have  solutions  of  ©  for  a '  in  a  neighborhood 
V7of  a   and  for  all  It  I  <  £  (  where  b  =  b(t)  is  a  fixed  function 
of  t.)   That  is  to  say,  b(t)  o  a7  is  defined  for  t  small  and  ax 
near  a.    We  would  like  to  get  this  result  for  such  ax  and  b(t)  run- 
ning over  a  neighborhood  of  1.   To  do  this,  consider  radial 
paths  b(t)  =  t  B   .   Then  the  right-side  of   (fj)  depends 
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analytically  on  the  parameter  b-.=  ^jj  and  we  have  solutions  of  the 
type  we  want  for  b  in  a  neighborhood  U  of  0  in  P,;  i.e.  b  in 
a  neighborhood  V  of  14 


~N 


We  now  show  that  the  solution  for  c  in   (i)  (or  for  x  in  pLl)  ) 
with  initial  condition  c(0)  =  a  is  a  solution  of  (l.    We  apply 
the  uniqueness   theorem  for  ordinary  differential  equations 

Consider  the  two  one  parameter  families  of  transformations 
b(t)  o  a  and  c(t)a  We  know  that  they  represent  the  same  trans- 
f oramtion   for  t  =  0  (  in  solving   (iy  we  may  impose  the  boundary 

condition  c(0)  =  a)  and  that  their  logarithmic  derivatives  are 

1      n 
efual  for  each  t  =  tQ.   Let  (x  , . , . ,x  )  be  a  coordinate  system 

•n  E.   Let  X  denote  the  map  p  - — >  (x  (p ),..., x  (p))  of  E  C  M  into 

R  .   We  now  show  that  for  any  q  in  E  the  paths  X.(c(t)](q))   and 

X([b(t)  o  a]q)  in  Rn  satisfy -tha_fiame  -ordinary  differential 

equation  namely  :  ■--... 

,-s, 

Let  c  *  (t)  denote  the  logarithmic  derivative  of  the  family 
c(t)  i.e. 

c  *  ^0)  -  If.,  y     ^q)"1   ^ 

it=t0 


We  then  have 


jjir       c    (t)   =  o(t)      c  *  (t) 


.# 


Let  u(t)  =  X  ([c(t)]q).    Then 
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du" 
dt 


|t  xl([c(t)lq) 


-  [c*  (t)(xx    o    c(t))] 


=   [c*(t)  x-1-}    (c(t)q) 
=   Ai(t,c(t)q) 


That  is 


II 


du" 

dt 


=  B  (t,u)    for  i  =  1,2,. ,.,n, 


If  v(t)  =  X(b(t)  o  a(q))   we  readily  verify  that  als© 

gr  =  B  (t,u)  and  we  conclude  that  b(t)  o  a(q)  =  c(t)q  for  all 
t  and  t  -  that  is  to  say,  b(t)  o  a  =  c(t)  for  all  t. 

One  sees  by  comparing  logarithmic  derivatives  as  above  that -if 
X  €  £>      there  is  a  path  c(t)  in  P  such  that  ^nft)  -   exP  tX  on  P 
The  resulting  map  £ '  _:_ X -— — >-c(l)  isjhhe  desired- map — ^~of  thg 
theorem.   Thus  we  have  the  analytic  map  ^  :  A3  — — >  P  where  \i  is 
a  neighborhood  of  0  in  the  linear  space  «£  having  the  properties 
listed  in  lecture  V. 

the  existence  of  inverses  and  that  (T :  x  — >  x 
since  the  other  maps  in  the  diagram  are  : 


The  diagram  below  is  commutative  and  we  have 

is  analytic  - 
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-1 


v 


1/ 
■  X  £  V 


£ 


-> 


^— > 


P  3  exp  X 


<T 


v 


\y 


P  3  (exp  X) 


Note 


The  proof  of  the  exi  sbence  and  analyticity  of  the  map  G~ 
depends  only  on  the  fact  that  %      is  independent  of  c  e.  P 
and  thus  is  a  consequence  of  the  pseudogroup  property  1  : 

that  c  >  c  o  a  is  a  bianalytic  map  of  a  neighborhood  of 

the  identity  onto  a  neighborhood  of  a.   cf0   Remark 
following  the  definition  of  pseudogroup  in  lecture  IV. 


■ft 
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LECTURE  VII 

DEFINITION 

Let  V  be  a  vector  space  over  R  and  X  £  HomR(V,V).   We  define 
.X    S   Xn      m,_    X 


e  =  Z       ~t  •    Thus  e  is  a  well-defined  non- singular  endomorphism 
n=0  n° 

(automorphism)  of  V  (  see  Chevally,  I5  p. 5). 


V  can  be  considered  as  an  analytic  manifold  and  as  before s    we 
identify  V  with  V  by  V  3  ^  — ->  ^  '  £  V  where  <*   (  \  )   =  X  ( cC*  )   for 
every  \  6  HomR(V5R).   Then  the  endomorphism  X  defines  an  infini- 
tesimal  transformation  X"  on  V  :  for  each  point  p  e  V,  X"(p)  is  the 
tangent  vector  identified  with  X(p),    We  note  that  : 

eX  =  exp  X*  for  X  £  HomR(V,V). 
To  verify  this5  one  merely  notes  that 

jjk  etX(p)   =  X  etX(p)   =  X*(etX  (p)) 

tX  '"■ 

so  that  e   (p)  is  the  trajectory  to  X  with  origin  p. 

ROOF  OF  LIE'S    SECOND  FUNDAMENTAL  THEOREM  -  PART  I. 


We  assume  that  ^  is  a  linear  family  of  infinitesimal  trans- 
formations and  exp  £,    is  a  pseudogroup  .    We  show  that  [jS  ,£  ]   C  £> 
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Note: 

Keep  in  mind  that  exp  do     means  {exp  X;  X  Q.  M    and  exp  X  has  non- 
empty domain  of  definition}    Since  =L   is  finite  dimensional  there 
always  exists  a  neighborhood  U  of  0  in  ^  and  a  non-empty  open  set 
E  in  M  such  that  exp  X  is  defined  in  E  for  all  X  in  U. 

Let  X  and  Y  be  elements  of  o£  and  consider  the  element  of 
L  =  exp  lo      given  by  exp  t  X  exp  t  Y  exp  -t  X  exp  -t  Y.    Since 
L  is  a  pseudogroup  we  have  an  analytic  path  Z(t)  in  X  such  that 

exp  t  X  exp  t  Y  exp  -t  X  exp  -t  Y  =  exp  Z(t) 

on  some  fixed  open  set  E  in  M. 

As  Z(0)  =  0  we  may  write  Z(t)  =  t  W(t)  with  W(t)  analytic  in  t. 
By  expanding  the  series  for  the  transposes  exp  t  X.  exp  t  Y5  exp  t  W(t) 
we  can  show  that  W(0)  =  0.   The  computation  is  as  follows  : 

(I-tY-:-  £~  -...)(I-tX+  £g$_)  (I+tY+  £g?-+...)(I+tX+  ^f-  +...)  = 


[I+tW(t)+  t   ffit)  +  •••] 


I+t2(YX-XY)+t3(       )   =   I+tW(t)+t2W2(t) 

"2! 

t2([Y,X]  +  t(        ))  =   tW(t)  +  t2W2(t) 

2! 

0  =   W(0) 


I      o   •   • 


4o„ 

We  then  set  W(t)  =  t  U (t)  where  t  >  U  (t)  is  an  analytic 

path  in  <L>   ,  and  we  have 

t2[X,Yj  -:-  t3A  =  t2  \J  (t)  +  t3B. 

Setting  t  =  0  we  get  [X,Y]  =  ii(0)  £  «b   on  the  open  set  B  and  hence 
throughout  M  by  analytic ity. 

PROOF  uF  LIE'S  SECOND  FUNDAMENTAL  THEOREM  -  PART  II 

We  have  the  linear  family  of  infinitesimal  transformations  <\f 
on  the  manifold  M  and  assume  that  [^T,  %T]     o  y '.   Let  U  be  a 
neighborhood  of  0  in  ^  .    We  will  prove  that  exp  U  =  {exp  X=X  £  U) 
is  a  pseudogroup  of  transformations  in  M  for  a  suitably  chosen  U. 
Indeed^  there  is  a  non-empty  open  set  E  in  M  on  which  exp  X  is 
always  defined  for  X  £  U  provided  U  is  sufficiently  small.   We  have 
the  mapping  it   :  UxE  — >  M  given  by  G£(X,p)  =  exp  X(p)  for  X  c  U 
and  p  &  E.   Thus  we  have  the  analytic  family  (fi~M;  C£-u),    which  we 
will  show  to  be  a  pseudogroup  of  transformations  in  M  after  imposing 
one  more  restriction  on  U. 

We  will  make  use  of  the  First  Fundamental  Theorem  of  Lie  and 
s'how  that  logarithmic  differentiation  X  — >  \  (x)  is  one-to-one  for 
X  g  U  and  that  £q  =     A (  (+r $)   is  the  same  as  ck ■  „  =  ^(K)  for  all 
X  in  some  neighborhood  of  0. 


A-   The  mapping  ,\  :  UQ  - >  ok?  0  is  one-to-one 

Let  cL   £  UQ  and  let  g(t)  be  a  path  in  U  such  that 


g(0)  =  0  and  g(0)  =  ^ 
Then: 


A(°0  =  exp  g(O)""1  &=■    exp  g(t)  =  |r-    expgft) 

Now  exp  g(t)  =  I  +  g(t)  +  °2i   +  •••   and  we  can 
differentiate  term-by-term  getting  : 

Sr      exp  g(t)   =  g(0). 
ar | t=0 

That  is  to  say,  AC^)  =  oL    (  remember  that  we  identify 

t 

the  tangent  space  V  at  a  point  p  of  a  vector  space  V  with 
V) .  Thus  X  is  one-to-one  at  0  in  U.  Once  we  show  the 
independence  of  A?y  on  X  e  U  we  will  have  that  logarithmic 
differentiation  is  one-to-one  on  U„  for  all  X  £  U. 

B-   We  now  show  that  Js      is  independent  of  X  e  U, 

The  family   of  logarithmic  derivatives  £Q   consists 
of  infinitesimal  transformations  of  the  form 

|r    (exp^X(t))   =  X(0) 
ar |t=0 

where  X(0)  denotes  the  tangent  vector  to  X(t)  at  0. 
Thus  J->   Q  =  \  . 


i  ,~        -i 
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Now,  for  an  arbitrary  differential)  le  path  X(t)  in  U  we  write 

exp  X  =   2   ±r 
n=0  n* 


Then  we  have 

St     (exp^X)   =   2   i-  (X0-1  X-!-Xn"2  XX+  .  .  .-j-XX31"1) 
ax;|t=0  n=0  n° 

and  we  set  Y  =  X(tQ). 

Consider  the  mappings  L„:  Y  -i— ■>  XY  and  R„:  Y  — >  YX.    We 

may  write  ad  X  =  L^  -  R„  or  R^  =  L„  -  ad  X.   We  get  the  following 

m 


R?  =  (LY-ad  X)m  =  2  (-1)P  (™)  L^"p(ad  X)P  sincebc  and 

ad  X  commute 


X  =  v^x    A'  =  ^  v-j-;   vp;  ^x 


2  Xn"m  YXm  =   2  L?"m  iff  Y 
m=0  m=0  A    A 


2  L^m(  2  (-1)P0  L^"P(ad  X)P)  (Y) 
m=0  A   p=0      p   A 

2    2  l£~p  (-ljp(?)  (ad  X)P  (Y) 

m=0  p=0  A        p 

2    2  l£'P  (-l)P  (m)  (ad  X)P  (Y) 

p=0  m=p  A         p 


n 

P 


2   l£~P  (-l)P  g^)(ad  X)P  (Y)  sinc< 


2  /m\    /n+1 
mfp  (P)  =  Vp+1 


.'       I 
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We  then  find  : 

n     t  n 

2 

P= 


n=0  m=0  vnHJ^-  n=0  p=0      ^i;.  VPr1/  * 


°°    n     ^ 
=  2    2  (-1)P  i L^P(ad  X)P  (Y) 


n=0  p=0      (n-p)!(p-;l)l 


2   LX    2   (-1)P   £-ad-JL)    (Y) 

k! 


k=o  r;     P=c  (p+i)i 


(exp  X)   -  ■"  ■■ (Y) 

ad  X 


We  then  have  : 

(exp^X)"1  ir  (exfx(t))   =  I  "  e"&   -   (X) 

ar|t=0  ad  X 

which  is  in  dp  ~   =   (-   since  we  have  assumed  [  y  ,   cp "  ]  c  r  .    It 
fallows  that  jt,  y  C^q-   Moreover  A^0  d  JL,  provided 

T   ^-ad  X 
I  -  e 


ad  X 


u 
Exerciser 


is   ±n^^yi«ijiteie^----this  is  so  if  ad  X  has  no  eigenvalue  equal 
r£prt  i^l     with  n  4  0  .   This  proviso  is  satisfied  for  aJJLJX  in_._some 
open  set   pntaining  0;  and  when  U  is  restricted  in  this  way  we  have 
that  (^p*,M,  (JL   )  is  a  pseudogroup. 


Let  0  "be  a  derivation  of  a  Lie  algebra  J^    . 
Prov^  that  e  is  an  automorphism  of  </i  . 


'    ! 


..J."' 
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LECTURE  VIII 

We  will  now  show  how  to  associate  to  an  arbitrary  analytic 
group  G  a  Lie  algebra  G.    Using  the  fundamental  theorems  of  Lie 
we  will  establish  a  one-t@~one  correspondence  between  the  "analytic 
subgroups  of  G"  and  the  subalgebras  of  G  and  see  how  certain  prop- 
erties  of  G  can  be  studied  purely  in  terms  of  G.   We  begin  by 
making  precise  what  we  mean  by  an  "analytic  subgroup  of  G". 


Definition 

Given  an  analytic  manifold  M,  we  mean  by  a  submanifold  N  of  M  a 
subset  of  M  carrying  an  analytic  structure  such  that  the  identity 
mapping  OL:    N  — ->  M  is  everywhere  regular,  i.e.  d  (^     is  a 
monomorphism  for  all  P  £  N. 

Example 

12      n 
Let  x  ,x  ,...,x  be  a  coordinate  system  on  a  neighborhood  V  of  a 

12      n 
manifold  M  and  let  p  e  V.   Let  (a  ,a  ,...,a  )  be  the  coordinates 

of  p  and  let  Q£  be  a  cubical  neighborhood  about  p  of  semi-edge  £ 


an 


(relative  to  x1,...^").   Let  %     =  (  f  m+1,  ^  m+2, .  .  . ,  ^n)  be 

n-m  tuple  with  |  £   -  a  |  <  6  .    Set  S    equal  to  the  subset 

i      i  ^ 

of  ~Q    for  which  x  =   &    i  =  m+l,m+2, . . .  sn.        Then  S^    is 

a  submanifold  -  it  is  called  a  "slice  manifold"  with  respect  to 


*5. 

Lemma  8.1 

Let  N  be  a  submanifold  of  M  and  let  p  e  N.   Then  there  is  an 
open  submanifold  U  in  N  with  p  €  U  and  U  a  slice  submanifold  of  M. 

Proof 

Let  y  5o,.,yn  be  a  coordinate  system  at  p  and  let  ^L\    N  — — >  M 

be  the  identity  map.    From  yo^  ?   y      oG2,>.,.,yno(£,we  can 
select  a  coordinate  system  around  p  in  N  -  say  y  o  UL  ,  . . .  ,ym  o  UC   , 
Let  V  be  a  neighborhood  of  p  e  N  so  that  on  V  we  have 

ykoC=  Pk(y1  o   (H,  .  .  ,,yn  o  (Si)   for  each  k  =  m+1,.  ..,n 

Set  x1  =  y1  for  i   =1,2, . . . ,m  and  xk  =  yk-Pk(y1, . . . ,yn) 
for  k  =  HH-l,...,n.    Choosing  a  cubical  neighborhood  W.   of  p  on  M 
with  respect  to  (x  , . . . ^xn)  and  setting  £   =  (  &  m+  , . . . ,  £  n)  = 

(0, . . . ;0)  we  get  S     with  respect  to  x  , . . . ,xn  is  a  neighborhood 

7 

of  p  in  V  for  £  sufficiently  small. 

Definition 

Let  M  be  a  manifold  and  N  a  submanifeld.   Let  p  be  a  point  in  N. 

By  the  tangent  space  to  N  in  M   we  mean  d  UL    (N  )  where 
_____ P  P  P 

id.  jj  _™>  jy[  -j_s  the   identity  map. 

opposition  8.2 

Let  N  be  a  submanifold  of  M  and  let  X  be  an -infinitesimal  transfor- 
mation on  M  that  is  tangent  to  N,  i.e.  X(p)  is  contained  in 
d  ^D(N  )  for  each  p  e  N.    If  Y  is  any  other  infinitesimaJ„  trans- 
formation  of  M  tangent  t©  N  then  [X,Y]  is  tangent  to  N. 
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Proof 


We  define  two  vector  fields  X  and  Y  by  : 

XN(p)  =  d  <e,-J(X(p))   and  YN(p)  =  d  (£-J(Y(p)) 

We  see  that  X  and  Y  are  infinitesimal  transformations  on  N 
easily  enough  and,  furthermore ,  are   (L- related  to  X  and  Y,  i.e 

(SL   o  x  =  X  o    OL 

(£. .    o    Y^  =   Y      °     ^ 
It  follows   that         £o[xN,YN]   =    [X,Y]  o      &  ;      i.e.    d  (£n(  [XN,YN])   = 

[X,Y]    (p). 

We  define  a  Lie  subgroup  H  of  a  Lie  group  G  as  one  would 
expect  :  H  is  a  Lie  group  contained  in  G  and  such  that  the  identity 
map  QLi    H  — >  G  is  an  everywhere  regular  analytic  homomorphism. 
This  definition  amounts  to  the  condition  :  H  is  an  analytic  sattasfcF old 


closed  under  the  formation  of  products  aad  inverses  and  such  that 

r 

H 


the  mag>  -^tj:  H  x  H  — >  H  given  by  (x,y)  — >  xy"  is  analytic  on  H< 


This  last  condition  will  turn  out  to  be  a  consequence  of  the 
condition   that  H  be  a  submanifold  with  H.H"  C  H;   however  the 
procff ,  surprisingly  enough,   must  wait  until  one  can  prove  that 
^kjj  is  continuous.   Namely,  given  a  function  f  analytic  around  a 


point  p  in  H,  we  can  express  f  =  f  o  iSL    on  an  H-neighborhood  V 
of  p,  where  f  is  analytic  on  a  G- neighborhood  of  p.    Suppose 
p  =  xy~  and  A„  is  continuous  at  {x,y).    Then  A^  will  map 
suitably  small  neighborhoods  of  (x,y)  into  V  and  thus 
f  o  ^t  =  f  o  C^  o  *6  on  some  neighborhood  of  (x,y)j    conse- 
quently  f  a      ^    =  f  o  /*k  °  ( UL  ><  id-)    ±q   analytic  around  (x.yj, 
on  H  x  H. 
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LECTURE  IX 


In  this  chapter  we  define  the  Lie  algebra  G  of  a  Lie  group  G. 
Chapter  X  will  be  devoted  to  establishing  the  one-to-one  correspond- 
ence between  analytic  subgroups  H  of  G  and  subalgebras  ){  of  G. 

Definition 

Given  a  group  G  we  define  for  each  element  g  &  G  the  mappings 

L   :  x  — >  gx  =  left-translation  by  g  and 

R  :  x  — j >  xg  =  right-translation  by  g. 

o 

We  denote  the  totality  of  all  maps  (LgJg.   Q  by  Lq. 

Let  the  identity  element  of  the  Lie  group  G  be  denoted  by  "e" 
and  the  tangent  space  to  the  manifold  G  at  e  by  "G  "  in  what  follows. 
For  each  X  £  G  we  denote  by  X  the  logarithmic  derivative  .of  the 
group  of  transformations  L^  along  the  tangent  vector  X.    We  denote 
the  family  of  all  logarithmic  derivatives  by  G  =  {X  ;    X  £  G  ) .    We  let 
A  denote  the  mapping  A  :  G  — >  G  defined  by  A(X)  =  X" . 

Now  G  is  a  linear  family  of  infinitesimal  transformations  on 
G  and  Liels  second  fundamental  theorem  will  guarantee  that  it  is  a 
Lie  algebra  once  we  show  that  exp  G  is  a  pseudogroup  of  transfor- 
mations on  Go    We  will  now  show  that  this  is  the  case. 

jemma  9.1 

X*(e)  =  X  for  all  X  £  G  . 


X*f(e)   -  Sr-     (g(t)  f(e)) 

dt|t=0 


*9- 

Proof. 

To  compute  X  we  take  a  different iable  path  g(t)  in  G  with 
g(0)  =  e  and  tangent  vector-  g(0)  =  X.    Then  we  have  for  any  function 
f  analytic  at  e  : 

X*      =  sTo)"1   Sr-    &(t) 

at|t=o 

d- 
=  |p      f  o  g(t)  (e) 

=  |r      f(g(t)e) 
at:  |t=0 

=  |Fi    f(g(t))  =  Xf 

It  follows  from  Lemma  9.1  that  the  mapping   A:  X  — ->X  =  A(X) 
is  an  isomorphism  of  G  onto  G.   As  the  side  condition  in  LieTs 

first  fundamental  theorem  is  satisfied  here  (i.e.  X >  \  (K)   is 

one-to-one  for  X  €.  G  )  ,  we  may  apply  this  theorem  and  assert  : 

tee  *-?-  !.■•-*--  ■    "  .  "-  v  :   there  is  a  neighborhood 

U  of  ©  in  G,  a  regular  analytic  mapping  p  :  U  - — >  G,  and  an  open 
set  E  containing  the  identity  element  of  G  such  that 

exp  X  =  L  / v „ x     on  E 
p(X-) 

for  all  X   £  U.    Inasmuch   as  Q  (U)  is  an  open  neighborhood  of 
the  identity  of  the  analytic  group  G>    the  analytic  family  (U,G  CL  ) 
defined  by  f£.(X",p)  =  exp  X  (p)  is  indeed  a  pseudogroup.    It  follows 
now  by  Lie!s  second  fundamental  theorem  that 

[G,  G]   C  G 
We  call  G  the  Lie  algebra  of  G. 
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We  turn  out  attention  to  the  map  p  above.    No  generality  is 
lost  is  assuming  that  the  neighborhood  U  contain  tX  ,  0  £  t  <  1 
whenever  X "  £  U, 

Lemma  9.2 

For  any  X  e  u,  exp  X  has  G  as  its  domain . 


Proof 


We  have  exp  tX*  =  (I^(tx*)   on  E>  0  <  t  <  l.   Inus 
t  — >  p(tX  )  (p)   is  a  trajectory  to  X'  with  origin  p  for  all 
p  e   E.   By  analyticity,  the  same  holds  for  all  p  £   G,   Thus 


exp  tX  -  I^(tx*) 
throughout  G. 


Lemma  9 . 3 


*- 


exp  X  is  defined  for  all  X  £   G  and  has  domain  G. 

Pro@f 

/  X  x       "-'" 
.We  have  only  to  use  the  formula  expi — 1=  exp  X  . 

-*  ^n  /  ^. 

X  X 

as  : — ■    will  be  in  U  for  n  large  enough,  we  have  exp  —  defined 

n  v  _  ■-•■  n 

f        x~"\n; 

on  all    of  G  and  hence   I exp  — -I  =  exp  X  defined  on  all  of  G. 

Prom  the  discussion  above  we  see  that  exp  X"  =  L  for  some 
g  £  Go   As  exp  x"(p)  =  g.p  we  have,  in  particular,  exp(X  )(e)  =  g 
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Set  Exp  X"   =  exp  X(e).    Then  exp  X  =  L     ...   =  L     _;, 

exp  X"(e)   Exp  X" 

where  Exp   :  G >  G  is  analytic ,  regular  at  0,  and  hence 

bianalytic  on  a  neighborhood  of  0  in  G. 

The  mapping  Exp  is  called  the  exponential  mapping;  of  the 
Lie  algebra  of  G  into  G 
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LECTURE  X 


We  fix  an  analytic  group  G.   For  an  arbitrary  analytic  sub- 
group  H  of  G  we  consider  /\(H  )  C  G.   This  makes  sense  because  H 

s  • 

is  canonically  identified  with  d  02/  (H  )  C  G  where  ^:  H  - — ->  G  is 
the  identity  mapping.    We  will  prove  that  H  —  ~>  A(H  )   is  a 
one-to-one  correspondence  between  the  analytic  subgroups  of  G  and  the 
Lie  subalgebras  of  G. 

The  infinitesimal  transformations  of  G  can  be  characterized  as 
the  infinitesimal  transformations  on  G  which  are  invariant  under  the 
right  translations  FL.   The  analytic  subgroups  H  is  the  maximal 
manifold  containing  the  identity  element  whose  tangent  space  at  a 

m  * 

point  g  is  the  subspace  dR (H )  =  dL  (H  ) 

g  e      g  e 

We  will  divide  this  chapter  into  several  parts 3   as  follows  : 

§1.  \   (H )   is  a  Lie  subalgebra  of  G 

§2.   We  define,  for  given  subalgebra  ]\  c  G,  a  subset  H  and  a 
topology  which  we  later  prove  to  make  H  an  analytic 
subgroup  of  G  such  that   A(H)  =  % 

o3.   We  prove  that  H  topologized  as  above  is  a  topological 
group . 

§4.   The  analytic  structure  in  H. 

h 5.   The  correspondence  is  one-to-one. 
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**• 


Let  H  be  an  analytic  subgroup  of  G.    Then  H  x  G  is  an  analytic 
submanifold  of  G  x  G  and  the  restriction  of  the  map  <&<GxG   - — >  G 

defined  by  /^(g-^go)  =  si&?~   to  the  sut)mani£>old  H  x  G  is  analytic. 
It  results  that  LH  is  an  analytic  group  of  transformations  on  G. 

Applying  Lie's  first  fundamental  theorem  we  find  that  the 
logarithmic  derivatives  to  Lrr  form  a  linear  family  independent  of 
points  in  H.   Hence ,   by  Lie's  second  fundamental  theorem,  A(H  ) 
is  closed  under  the  Poisson  bracket  operation  and  is  a  Lie  sub- 

t 

algebra  of  G. 

Let  )(be  a  Lie  subalgebra  of  G.   By  Lie's  second  theorem  there 
is  a  neighborhood  U  of  0  in  K  such  that  exp  U  is  a  pseudogroup. 
That  is  to  sayj  there  is  a  neighborhood  U  of  0  in  H  and  an  ©pen  set 
F   in  G  such  that  : 

for  any  a  e   exp  U,  there  is  a  neighborhood  W  of  0 
such  that  b  o  a  =  c  on  P  where  b  £  exp  W  and  c  e.  exp  U. 

* 

In  this  case  we  have  exp  X  =  L    Y(e)   =  lexd  X  for  a"^  x  e  G 
and  we  reformulate  the  condition  that  exp  )j  is  a  Pseudogroup  as 
follows  i 

Given  any  neighborhood  U  of  0  in  }{,    and  a  e.   Exp  U,  there  is  a 
neighborhood  W  of  0  in  ^  such  that  Exp  W  «  a  C    Exp  U. 
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Let  H  be  the  subgroup  of  G  generated  by  Exp  n.    We  define  as 

a  neighborhood  system  of  g  s   H  the  subsets  Exp  ¥»g  where  ¥  ranges 

over  neighborhoods  of  0  in  ^(j  i.e.  we  take  {Exp  W]  as  a  base  of 

that 
neighborhoods  of  e.   To  prove/this  makes  H  a  topological  group  we 

must  show  the  following  : 

1)  f]( Exp  WJ  =  {e} 

W 

2)  Given  U  and  V,  there  exists  ¥  such  that 
Exp  ¥  C  (Exp  U)  C\  (Exp  V). 

3)  Given  U,  there  exists  V  such  that  Exp  U  D  (Exp  V)(Exp  V)"1 

4)  Given  U  and  a  £   Exp  u%  there  exists  V  such  that 

(Exp  V)  a  C   Exp  U 

5)  Given  U  and  a  £   H^  there  exists  V  such  that 

a"1 (Exp  V)a  C  Exp  U. 

Note  1: 

H  is  the  same  as  the  group  generated  by  Exp  U  where  U  is  any 
neighborhood  of  0  in  $  in  view  of  the  formula  Exp  X  =  (Exp(~-  X)) 

Note  2: 

Notice  that  we  do  not  take  the  relative  topology  for  H  but  one  which 

is  stronger;  i.e.   U?  :  H  \ >  G  is  continuous  (where  ^L  is  the 

identity  map. ) 

£3. 

Conditions  l)  -  4)  are  easily  verified,  condition  4)  being  the 
statement  that  exp  \\   is  a  pseudogroup.    Condition  5)  is  more  diffi- 
cult  to  check  and  requires  us  to  study  G  more  closely.    what  we  will 
eventually  show  is  that  for  a  t  G  and  X  £  G  we  have  a~  (Exp  X)a  = 
Exp  Y  where  Y  is  the  image  of  the  infinitesimal  transformation  X 
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under  the  inner  automorphism  P  :  g  — — >  a"  ga  of  G.   Moreover 

a 

Y  =   A  (d  i   (  \~    (X));  i.e.  an  inner  automorphism  of  G  produces 

a 

an  automorphism  of  G  more  or  less  equivalent  to  the  linear  map  d  P  . 
Lemma  10.1 

MM———  —   — — — — — — 

a 
Let  T  :  M  — >  N  be/bianalytic  mapping.  Let  X  be  an  infinites- 
imal transformation  on  M  and  Y  an  infinitesimal  transformation  on  N. 
Assume,  furthermore,  that  Y  is  the  image  of  X  under  T.   Then  we  have: 

T  *>  exp  sX  =  exp  sY  o   T 
the  domains  of  both  sides  being  the  same. 


Proof 


In  what  follows  we  will  sometimes  use  the  notation  X_  for  X(p)= 

p      x  ' 

the  tangent  vector  at  p  assigned  by  the  vector  field  X. 

The  hypothesis  means  that  dT  (X  )  =  Y-/  \.   Now  for  any 
function/  fy  ^analytic  in  N  we  have 

YT(p)f  =Xp(f  °T)- 
In  other  words  Yf  is  a  function  on  N  and  Yf  o  T  =  X(f  o  T) 
In  terms  of  the  transpose  this  last  relation  may  be  written  : 

tof  =  X$f 
to   =  X? 


i.e.,  X  and  Y  are  T- related. 
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Now 


Y   =  *  ~1X^ 

Y2  =  Y,Y  =  *  "1X1Mi  "^X*  =  *  "1X2^? 


Yn  =  *  -1Xn^ 
Summing  over  n  we  have  : 


s 


n !     '       n ! 


exp  sY  =  9?  _1  exfT~sX$ 

Ax  ^-^ 

T  exp  sY  =  exp  sXT 

exp  sY  o  T  =  To  exp  sX 

m 

An  element  of  G  is  an  infinitesimal  transformation  on  G  of  a 
very  special  kind.   The  next  lemma  characterizes  these ~ve at or 

» 

fields  on  G  which  are  elements  of  G  as  the  right-invariant  vector 
fields. 


Lemma  10.2 


For  any  g  £  G  and  X  '    e   G  we  have 


dVxP  =  xps 


Proof 


X*  has  the  f©rm  \  (X)  where  X  £  G  .   Let  a(t)  be  a  differen 


e 


tiable  path  in  G  with  a(0)   =  e  and  a(0)   =  X.        Then 

^&)  -  k  a(0)    ^^  £attJ  =  5Fj^o   £a(t) 
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rt/hat  we  must   show  is    : 

x*  =  ft -1  X*  ft 


Now  L  and  R,  commute  for  any  a  and  b  in  G.    So  £.  and  ft. 
a      d  a      d 

commute.   Thus  ft"  £  /,\  ft  =  K  ,.\.  As  this  remains  true  in  the 

g    a(t)  g    a(t) 

limit  we  have  the  desired  result.   Taking  p  =  e  we  have 

y 

X~  =  dR  (X  )  =  dR  (X)   which  shows  that  X   depends  only  on  its 
5     g   e      g 

value  at  e.   It  follows  that  a  right-invariant  vector  field  X  is 
in  G  and  is  A(X_ ) . 


Definition 


€iven  an  element  g  e   G  we  have  the  bianalytic  automorphism 

P  :  G  ■ >  G  defined  by  P  :  x  — >  gxg"  .    Associated  to  this 

inner  automorphism  P  there  is  the  mapping  Adg:G  — •>  G  defined  by  : 

g 

Adg  :  X  — >  r2Xt  =  2"*1  X-% 


.:■■  L"er:  ia<  ea  d  >     v      -  r( 

;  g   g 

variant . 


where  t,       can  be  replaced  by  £  =  ft  "  tl   since  X  is  right  in- 
g  g    g    g 


For  X  £  G  we_jcle£±ne  adX:G  — >  G  by  ad  X:  Y  >JX,Y]. 

Lemma  10.3 

Ad  Exp  X  =  2  (-adX)   _=  e-ad  X 

XX  g 

for  all  X  e  G. 
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Proof 

We  consider  the  following  tzu*  .families  of.  analytic  trans- 
formations  on  G  : 

1)  (R,  G,   it   )   where  &(t,Y)  =  Ad  Exp   tX(Y) 

2)  (R,  G,  /)   where  l^(t,Y)  =  ead  tX(Y) 

We  easily  check  that   C^0  =  r^    so  we  will  know  that  the 
two  families  are  the  same  if  we  can  show  that  the  logarithmic 
derivatives  it"    (t)  =  -)£    (t)   for  all  t. 

Nbw<0*(t)  =   (t-1  ^    (^ 

=     Ad  Exp   tX"1      lim  Ad  Exp  (t-i  A±      )X-Ad  Exp   tX 

A  t — >0  At 

and  since  Ad  g-jgp  =  AdSn     °    AdSo  and  ExP(t+  A  t)X=Exp  tX  o  Exp    &tX 

(fl*/4^        i-                 Ad  Exp'    AtX  -    I  * 

«    (t)   =  lim  — — K  7  =         

h  t— >0  A  r 

Restricting   to   linear  functions ,    X  ,    on  G  we  have    : 

d*(t)  =nm  A   oAdE^p    Atx.   A 

At  — >0  ^ 

=         Xolim  (Ad   Exp     AtX-    I A     fsince    ^      | 

A  t->0     V  /     Us  linear) 

1 1=0  / 


=    /\  i  ^r\  Ad      Exp   tX. 
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We  notice  that  the  above  shows  the  logarithmic  derivative  at  t 
coincides  with  its  value  at  0,  because  we  have  an  abelian  group 
of  transformations  -  not  just  an  arbitrary  family. 

Now  Ad  Exp  tX  (Y)  =  L^,"1   Y  L^  „ 

'V  -l    ^v 

=  exp  tX   Y  exp  tX 
f  t2x2   \   f  t2x2 

=fi  -  tx  +  ^^r-'-yY  \1.  +   tx  +  — -  .  . 

=  Y  +  t(YX  -  XY)  -:-  0(t) 
Therefore, 


d_ 
dt 


Ad  Exp  tX  (Y)  =  (YX  -  XY)  =  [Y,X] 
t=0         / 


and   ££^(t)  \     =  -(adX)A    for  any  \     linear  on  G 

Identifying  the  tangent  space  at  0  in  G  with  G  itself,  in  the 
canonical  way,  we  see  that  (Sj^(t)   is  the  vector  field 
Y  >  -ad  X(Y). 

For-  any  Linear  function  A   we  have 

J6  (t)/\  »  HTJWQ  e      A 

=  ad  X/\ 

Therefore   (Jf/(t)  =  -   >^(t))  for  all  t  and  C(t)  =  )^(-t) 
for  all  t. 

The  lemma  follows  by  seating  t  =  1 . 


.     ! 
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Corollary  10  A 

The  notation  being  as  above  we  have 

Adg(||)  c  H 

for  all  g  £.  H. 

Proof. 

It  suffices  to  prove  this  for  a  set  of  generators  of  H.    Such 
a  set  may  be  found  by  taking  the  family  {Exp  ^}  of  elements  of  H. 

Then  Ad  Exp  X  ($()   =  e~ad  X()i) .   As  «  is  a  subalgebra  we  know 
[&X]  C  ft  whenever  X  e   }f.   It  follows  that  ad  X(#)  c  H  and 
Adg  (K)  <^  K  for  g  e  H. 

We  can  define  this  corollary  a  bit  more  and  prove  as  an 
additional  corollary  that  condition  5)  is  satisfied  for  H.   We 
first  prove  the  following  : 

Lemma  10.5 

Let  cL   be  a  bianalytic  automorphism  of  the  analytic  group  G. 

Let  o^=   d  oc   L.   Then  oc  maps  the  infinitesimal  transformation 

J  e  ^ 

A  (X)  into  X{  k  (X)). 
Proof. 

We  want  to  prove  that  o£  "-1-  A  (X)  £_    =    /\(c<.(X))  for  x  £  <L- 

w 

First  we  prove      <x  "       A(X)  <X     is  again  in  G  by  showing  tfcat 
it   is  r^ghfc'-jsrrvariant. 
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Prom   oC(pg)   =  c/(p)  c<(g)      it  follows  that  =C  o  R  =R^  ,    \  °  °^ . 

Thus  ^(g)  -  v  ■>  ***  -  i-i(g)  ^  -  -  ""v^r*^ _1 

Then: 

=  ^  -1  >(x)  <£ 

Since    <£  ~1     \(X)    ^  is   in  G  it  is  of  the  form    \(Y)   for  some 
Y  in  G   .        Now     Jc    "       AM    ^  evaluated  at  e   is  given  by   : 


©C 


-1  A(X)    <Z(e)   =  docj  >\(X)J   =  daCjX). 


Thus   ^  -1     >i(X)    <X     =       A(<k(X)) 

As  a  corollary  of  Lemma  10.1  we  have  the  formula  : 

^C(Exp  X)  =  Exp   A(*<(X)). 

Corollary  10.6 

Given  UP  a  neighborhood  of  0  in  }(  and  given  g  e  H  there  exists 
a  neighborhood  V  of  0  in  ft  such  that  g  Exp  Vg~  d    Exp  U. 

Proof. 

We  have  <=*-(Exp  X)  =  Exp   \(c^(X))o  The  mapping 

c^:   X  ■ — — >  c*         X  c<  is  a  linear  mapping  of  G  — >  G  and  is  there- 
fore continuous  at  0  in  }{» 

t 

Given  U  3   a  neighborhood  of  0  in  G^  there  exists  a  neighborhood 

V*  of  0  in  G  such  that  £   ~1  V*  ex  d   U. 
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If  we  also  have  cZ^  (fl)  d   H  then  we  find  : 

and       Exp  (^(v'q  K) )  <C  Exp  (Tj'fjJO. 

Taking c<  =  "P   for  g  £  H  we  have  the  desired  result. 


!*• 


The  analytic  structure  in  H  is  defined  as  follows  -  keeping  in 
mind  that  Exp  :  G  - — ->  G  is  a  one-to-one  bianalytic  map  on  a  suitable 
neighborhood  of  0  in  G  and  that  Exp  K  is  an  (analytic)  pseudogroup. 

Definition 

Let  f  be  a  function  defined  around  g  in  H.   We  say  f  is  analytic  at 
g  in  case  f  o  _L  o  Exp  is  analytic  at  0  in  M. 

It  can  be  shown  directly  that  with  this  structure  H  is  an  analytic 
submanifold  of  G  and   A(H  )  =  )(.   Thus  H  is  an  analytic  submanifold 
closed  under  the  formation  of  products  and  inverses  ,  and  such  that 
the  mapping  /&-H:  (x,y)  ■ — ->  xy"  of  H  x  H  to  H  is  continuous.    It 
follows  from  the  remarks  at  the  end  of  VIII  that  H  is  an  analytic 
subgroup . 

|5. 

We  have  shown  that  to  every  analytic  subgroup  H  of  G  there 
corresponds  a  Lie  subalgebra   A(H0)  of  G  and  that  every  subalgebra 
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tt  is   /\(H  )  for  some  H.    We  now  show  that  the  correspondence 
is  one-to-one. 

Let  A(H  )  =  j^.    Then  Exp  H  is  a  neighborhood  of  e  ^  H. 
Thus  (H,  G,  ULs)   is  an  analytic  group  of  transformations  on  G  where 
$-(h>g)  =  h.g.    Prom  Lie's  first  theorem  we  see  that: 

exp  :  H  — ■>  H  is  an  anlytic  map  regular  at  0  e   )$ 

and  the  correspondence  is  one-to-one. 
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LECTURE  XI 


The  next  few  lectures  will  be  concerned  with  showing  how  certain 
information  in  G  can  be  interpreted  in  G  and  vice-versa. 

Definition 

Let  jb  be  a  Lie  algebra.    We  denote  [JJ,  ft]  the  smallest  subspace  of  the 
underlying  vector  space  of  B  which  contains  all  elements  of  ft)  of  the 
form  [X,Y]  for  X,Y  £  h.        The  Lie  subalgebra  ](  of  jb  is  called  an 
j-.de al__in_ Jb.   in  case  [i&,%]    C  )tj   e.g.  [23,b]  is  an  ideal  in  jft, 

We  call  it  abelian  when  [hA]   =  {0}. 

Proposition  11.1 

The  analytic  group  H  is  abelian  if  and  only  if  its  Lie  algebra 

m 

H  is  abelian. 

Proof 

* 
First,  assume  H  is  abelian.   For  any  X,Y  £  H  we  have 

Exp  X  *  Exp  Y   (Exp  X)"1  =  Exp  e°  (y)  =  Exp  Y 

This  shows  that  H  is  generated  by  elements  which  commute,  and 
hence  H  is  abelian. 

Assume  H  is  abelian.    For  each  pair  of  elements  X,Y  €  H  : 
Exp  e"ad  X  (Y)  =  Exp  Y 

Therefore,  e"    '  (Y)  =  Y  for  all  Y  in  some  neighborhood  of  0  in 
H.   By  linearity,  we  conclude  that  this  equality  holds  for  all  X,Y  in 
in  H. 


Since  e*  ad  X  =  the  identity  on  H  for  all  small  t  we  find  by 
differentiation  : 


3r     et   ad  X  =  ad  X  =  0 
dt|t=0 

* 

We  conclude  that  H  is  abelian. 

We  next  show  that  the  invariance  of  a  subgroup  H  in  G  is 
equivalent  to  the  invariance  of  H  in  G  (where  H  =  \{E  )  C   G=  /\  (G  )). 

Proposition  11.2 

Let  G  be  an  analytic  group  and  H  an  analytic  subgroup  of  G.   Let 
H  be  the  subalgebra  of  G  correspondong  to  H.   Then  H  is  normal  in  G 
if  and  only  if  H  is  an  ideal  in  G. 


Proof . 


H  is  a  normal  subgroup  of  G  if  and  only  if   T  H  =  H  for  all 

o 

g  £  G.   This  is  equivalent  to  Ad  g  H  =  H  for  all  g  £  G.   Because 
{Exp  H}  is  a  system  of  generators  of  H^  we  may  reformulate  the  con- 
dition  that  H  is  normal  in  G  as  Ad~   y(h)  =  H°    This  is  the  same 
as  e"ad  XH  =  H  for  all  X  £  G. 

The  last  condition  is  satisfied  if  and  only  if  we  have 

ad  X  (H)  ~r,    e*  ad  X(H)  ^  H  for  all  X  £  G 
dr|t=0 

*    *  * 

and  this  is  equivalent  to  [G,H]  C    H. 
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Definition 

An  element  X  of  the  Lie  algebra  ^  is  called  central  if  [i&X]  =  0. 

7 
The  center  of  jj.      is  defined  to  be  the  totality  of  all  central  elements 

Exercise, 

Show  that  the  subgroup  of  G  corresponding  to  the  center  of  G  is 

the 
contained  in  the  center  of  G  (  it  is/connected  component  of  the 

center  of  G. ) 

We  now  state  two  theorems  which  enable  us  to  characterize 
analytic  groups  locally  by  means  of  the  Lie  algebra.   The  proofs 
of  these  theorems  will  be  given  in  lecture  XII. 

Theorem  12.1 

Let  oC  :  G1  ■ >  Gp  be  a  bianalytic  isomorphism  of  the  analytic 

group  G,  onto  the  analytic  griup  Gp,   Then  the  mapping: 

|  £C:    Gl   - — ->  G2  defined  by  5c :  X  — >  <=<  "1  x£c 

is  an  isomorphism  of  the  Lie  algebra  G1  onto  Gp;  i.e.  ck  is  linear 
[     and  o£[X,Y]  =  [  * X5  ^<Y]  for  X,Y  £  Gj  . 

Conversely,  a  Lie  algebra  isomorphism   £>  :  G,  ~>  G2   of  G,  onto 
Gp  induces  a  bianalytic  mapping  £  of  some  neighborhood  U  of  e^ 
onto  some  neighborhood  V  of  e„     and  £  (xy)  =  P(x)  Q(y)   for  all 
x  and  y  in  U.    Such  a  map  O  is  called  a  local  isomorphism  of 
G-,  and  Gp. 

Theorem  12.2 

A  local  homomorphism   p:G.  — >  Gp  induces  a  homomorphism 

_  <       • 

P  :Gn  >  G?  and  conversely . 


LECTURE  XII 

Let  G-,   and  Gp  be  analytic  groups.   Denote  then  Lie 
algebras  by  G-.   and  G?  respectively  and  let  X.  (i  =*  1,2)   be 
the  logarithmic  differentiation  map  of  the  tangent  space, 

°ieG.'  to  Gi  at  the  identity  eGi(i  =1,2)  respectively 

Let  p  be  an  analytic  mapping  of  a  neighborhood  U-i 

of  ep   into  the  underlying  manifold  of  G?.   We  define  a 
i 

•  < 

map     p:   G-,   ""^  G?     by 

rV  dPer  °  ^I1  • 

Gl 

Proposition  1   If  /o(xg)  = /o(x)o(y)  whenever  xy,  x,y  e  ^"i> 

i 

then  p     is  a  homomorphism  of  the  Lie  algebra  G-. 
into  the  Lie  algebra  G„. 

Proof  First  observe  that  for  any  X  s  G-,,  X  and  /5(X)  are 
o-related*  i.  e. ,  for  y  in  the  domain  of  p. 

d|oy(X(y))  =  £>(X)(p(y)) 

where  we  denote  by  X(y)  the  tangent  vector  at 
y  e  "U"-   assigned  by  the  vector  field  X.   To  see 
this ,  first  observe 


X(y)  =  dR  (X(er  )). 


Then 


dtoy(X(y))  =  dpy  o  dRy(X(eQ  )) 
=  d^o  o  Ry)(X(eQ  )) 


=  dR 
( 

=   dR. 
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Now, 

p   °   Ry(x)  =/o(xy)  =  /o(x)p(y)  =  Rp(y)  °  p(x) 

Thus, 

d(oy(X(y))  =  d(R(y)  c  p)(X(eQ  )) 

W)  °  c^(x(eG1,) 

^(y)^(I,(ea1)3 

=  o(X)((o(y)) 

Now,  since  X  and  p(X)   are  p-related  we  have  for 

each  X  and  Y  in  G-,   that   [X,Y]  is  /^-related  to, 

Qo(X),  p(Y)]  at  least  on  neighborhoods  of  eG   and  eG  .  In 

1         2 
particular, 

(d(oe   [[X,Y](eG  )}  =  [Z(X),p(Y)](eG  ). 

However,  the  left-hand  side  of  the  last  equation  is  \p[ [X,Y]) } (eG  ) 
and  two  right-invariant  infinitesimal  transformations  which 
agree  at  the  identity  are  equal  -  thus   [p(X),p(Y)]  =  zo[X,Y]. 

Remark.   If,  under  the  hypotheses  of  Proposition  1,  we  have 

that  /o(^t)   is  a  neighborhood  of  G?  then  Z>     is  subjective. 

Proof,  r  =  rank  p   =  rank  do^   =  rank  dp   for  any  y  e  "01 . 


"G- 

Thus 

r  =  dim  G 


p(^t)   is  a  neighborhood  of  eG   if  and  only  if 


If  the  image  /o(V ..)   is  a  neighborhood  *U'   of  eG   and  /^(xy)  = 
(o(xlo(y)   for  x,y  e  "0"-^,  we  call  p     a  local  epimorphism. 


••  I 
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We  see  that  a  local  epimorphism  /°«G-,  ~~°>  G?  induces  an  epimorphism 
(OJG-,  — >  G   ,      If  the  local  epimorphism  p     is  infective,  it  is 
a  diffeomorphism  of  a  neighborhood  ~U .,   of  e^   onto  a 
neighborhood  IL   of  eG  .   Thus  dim  G-,  =  dim  G  =  rank  o   and  p 
is  thus  an  isomorphism  of  G-,   onto  Gp. 

We  now  discuss  the  converse  situation.   Let  there  be  given 
a  homomorphism  /osG-,  — ->  G?   of  the  Lie  algebra  G-,   onto  .the 
Lie  algebra  Gp.   Let  fexp.  (i  =  1,2)   denote  the  Exponential 
mapping  Exp.:G.  — >  G.(i  =  1,2).   Let  U   be  a  neighborhood  of 
0  in  G-,   such  that  Exp-,   is  a  bianalytic  map  of  U  onto 
17,=  Exp  V  ,and  Exp?  is  a  bianalytic  map  of  Jo[U   )   onto 
V2   -  Exp(p(V)).   Define  ,o(Exp2X)  =  Exp2(p(X))   for  X  e  ^. 
Then  /O  is  a  well-defined  map  of  "U,   onto  U   and  if  /O  is 
infective  so  is  /O.   Thus  we  will  have  proved  the  converse  to 
Proposition  1  when  we  have  shown  that  /o(xy)  =  yo(x)p(y)   for 
x,y  e  U-j.   This  will  follow  if  we  can  show  that  X  and  /6(X) 
are  >o-related,  for  thenwe  have: 

{p   o  exp  X)(y)  =  (exp  Ml)   °  p)  (y) 


and  thus , 


piExp^X-y)    =  (Exp2jp{X))'p{y) 


whence 


/ofExp-^X'y)  =  p{ExpjX)p(y). 
Now,  to  prove  that  X  and  p{X)      are  o-related  we  proceed 
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■  » 

as  follows.   Writing  G  for  G-,   we  identify  GE   y  with  G 

by  the  sequence 

■1 


GExp  Y        >  VG  ;Y  — — >  G  . 

let  r(Y)  =  ('  ra'H  y   i    ^or  Y  in  some  neighborhood  of  0  in 
G.   Then,  with  the  above  identifications  the  vector- field  X  is 
described  by  (cf.  Lecture  VII,  p.  43) 

X(Exp  Y)  =  [^(Y)](X). 

In  particular, 

o(X)(Exp  p(Y))  =  ^(Y)v5(X)). 

We  want  to  show  that  dPgXD  y^  =  p(X)(p(Exp  Y)j.   The  right- 
hand  side  of  this  last  equation  is  just  o(X)  (Exp  /o(Y) ). 
Now  £>  =  Exp2  o  o  o  Exp^1  and  X(Exp  Y)  =  [^(Y)]X.   Then 

^Exp  Y(X(Exp  Y))  =  d(Exp  °  C    °  ^"""^Exp  I(X(ExP  Y)) 

=  d(Exp  o  p)  [d  Exp"1^  y(X(Exp  Y)] 


(*) 

We  may  write 


d(Exp  o  Jo)  {[^  (Y)]X] 


o  [X,Y]  =  &o(X),  (O(Y)]-,  i.  e. 
x>  °  ad  X  =  ad^o(xj)  •  2> 

jo  o  ad  Y  =  adto(Y))  °  S 

and  £  °^(Y)  =  ^(^(Y))  °  3  .    Therefore, 

(**)      f  {[^(Y)](X)}  =  [^(d(Y))](^(X». 

Using  the  formula  of  (**)  we  see  that   (#)   is  equal  to 
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dExp{[y'((o(Y))]Go(X))}  =  <o(X)(Exp  p(Y). 

and  we  have  shown  that  X  and  o(X)   are  p-related. 
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We  devote  this  lecture  to  a  discussion  of  a  certain  important 
subgroup  of  G  -  the  commutater  subgroup  [G,G].   This  discussion 
will  provide  an  illustration  of  most  of  what  has  been  said  in  the 
previous  lectures. 

)efinition 

Let  G  be  a  Lie  group  and  .^a  Lie  algebra.   By  the  commutator  sub- 
group [G,G]  of  G  we  mean  the  subgroup  generated  by  all  elements  of 

-1  -1 
the  form  g1  g2  g^  where  g1,g2  e  G° 

We  call  [.£),£,]  the  commutator  subalgebra  of  &. 

'roposition  13.1 

The  commutator  subgroup  [G,G]  is  normal  in  G.   The  (abstract) 
group  G/[G, G]  is  abelian  and  if  H  is  a  normal  subgroup  of  G  such  that 
•  G/H  is  abelian  H  must  contain  [GSG], 

^oof . 

To  see  that  [G,G]   is  normal  we  observe  : 

-1  -1  -1        -1  -1   -1  -1   -1     -1 

g  g-L  S2  g^g  =  s  sl  s  s  g2gs  S1S  s  g26 

=  (g"1g1g)"1(g"1g2g)~1(g":LS1g)(6"1g2s) 

The  second  part  of  the  proposition  follows  from  the  fact  that 
G/H  is  abelian  if  and  only  if  gng2H  =  g2g-,H  for  all  g-,^g2  £  G  and 
this  is  equivalent  to 

g1g2g1"1g2""1  e   H 


Proposition  13.2  JklM  ~  'x- 

If  G  is  an  analytic  group  (i.e.  a  connected  Lie  group)  then 
[G,G]  is  connected. 

Proof 

For  locally  euclidean  spaces  connected-ness  and  arc-wise 
connectedness  are  the  same . 

Now,  for  any  g-^gp  £  G  let  g-,(t)  be  a  path  connecting  e  to  g.. 
and  g2(t)  a  path  connecting  e  to  g2.  Then  g^tjg^  (t)g1(t)g2(t) 
is  a  path  consisting  of  commutators  connecting  e  to  g7  gl  g-iSo- 
Thus  [G,G]  is  arc-wise  connected. 

Theorem  13.3 


The  commutator  subgroup  of  an  analytic  group  G  is  an  analytic 
subgroup  whose  Lie  algebra  is  [G,G]. 

Proof 

Let  H  be  the  analytic  subgroup  whose  Lie  supalgebra   is  [G,G] 

Let  \JX   =  [X1,Y1],  U2  =  [X2,Y2],...,Ur  =  [X^YjJ  be  a  base  of  [G,G] 

2r 
Consider  the  map  k  :  R   •— >  H  defined  as  follows  : 

Let  R   3  (s,t)  =  (s1,t1,s2,t2,...,sr,tr). 

Set  k±(s,t)  =  Exp  s^  Exp  t^  Exp  -s±\   Exp  -t^Y1 

r 
Set  k(s,t)  =  TT  k.(s,t). 

i=l  1 


xu  \  -  '& 


Lemma 


Proof 


We  observe  that  k.(0,t)  =  e  =  k.(s,0).    We  now  show  : 


The 


differential  dk,Q  t  0  t     0  t)  mSi^>s   the  tangent  space 


R  /n  +.      n  h_\  onto  the  tangent  space  H  . 
^  u 3 x> 3  o  .  o  ) u 3t> j  e 


Let  f  be  an  arbitrary  function  analytic  on  G  at  e.   Then 


(dkKo,t)  h^  =  Si-|B_0  *(*!<"•*» 

=  3--|   [f(exp  sX.  exp  tY.  exp-sX. 

exp  -tY±)(e)  ] 

We  rewrite  this   : 


d 


<^~s 


®  [   ^b*l  e^P  -tY.    exp  -sX.    exp  tY.    exp  sX.    f]    (e) 

as|s=0  1  ii  l 

We  have  seen  previously  that 

exp  sX  exp  Y  exp  -sX     =     exp(e"ad  sX(Y)) 

=     exp   (Y  -    [sX,Y]   +  s2 


So     (0         becomes    : 


[   S-.  ex^tY.    ex^  (tY.4-s[X,  ,tY,  ])f    ]    (e) 

as|s=rO  1  ill 

-ad  tY 

which  is       [  1   ~   e  )      [X  ,tY   ]    f(e). 

ad   tY 


x\\\  j^H 

/        1   e"ad  Z 
Set  Ys'(<l>)     =  — "ad  z .   Then  )u   is  an  analytic  function 

of  Z  and  ^v(O)  =  identity.   y/  maps  ideals  into  ideals  (  it  is  a 
series  in  ad  Z)   and  in  particular  //  :  H  — >  H. 

Thus,  for  t  small  we  have  that 

dk(0,t)  fI^  is  in  "e  near  Ui(e)" 
As  things  near  a  base  are  again  a  base  we  have  : 

I   dk,n  .  x  =  H 
m    (0,t)    e 

The  lemma  shows  that  the  image  of  k  covers  a  neighborhood  of  e 
in  H  and  thus  [G,G]   contains  H. 

We  now  prove  that  H  contains  the  commutator  subgroup  by  proving 
that  H  contains  ail  the  commutators  of  a  set  of  generators  for  G 
(any  commutator  is  a  product  of  commutators  of  a  set  of  generators  and 
their  conjugates   and  since  H  is  normal  we  will  have  H  z>[G,G]    ). 


We 


know  that  G/Vv  =  g/tq   ch  is  an  abelian  Lie  algebra.   Set 

n  equal  to  dim  G  /£.    Then  R  is  an  analytic  group  with  respect  to 

*  n 
addition  and  its  Lie  algebra  R  is  isomorphic  to  G  at. 

Let  8  be  a  linear  map  of  G  onto  the  Lie  algebra  of  R  with 
kernel  H.     9  is  automatically  a  Lie  algebra  homomorphism.   On  a 
neighborhood  U  of  e  in  G  define   (;  :U >  R  by  the  formula  : 


0  (Exp  X)   =  Exp  6(X). 


xHL-5 


We  have  seen  that  P(xy)  =  P(x)+  0(y)  if  U  is  sufficiently  small. 
Choose  a  symmetric  neighborhood  V  of  E  in  G  with  W  C   U.    Then  for 
any  x3y  in  V  we  have 

pixyx^y'1)   =--   0  =   identity  in  Rn 

We  can  assume  that  Exp"  exists  on  U  and  then   P(x)  =  0 
implies  x  is  in  H  -  since  x  =  Exp  X  and   0(exp  X)  =  Exp  6(X) 
implies    6(X)  =  0  and  X  is  in  H. 

We  have  shown  that  commutators  of  elements  of  V  lie  in  H  and  so 
all  commutators  lie  in  the  normal  subgroup  H. 
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LECTURE  XIV 


We  now  compare  the  two  topologies  on  the  subgroup  H  of  G  corres- 
ponding  to  the  subalgebra  )(  of  G  -  viz,  the  topology  as  analytic  sub- 
group in  which  the  family  of  sets  {Exp  U}  is  taken  as  a  system  of 
neighborhoods  of  e,  and  the  relative  topology  on  H  as  a  subspace  of  G, 
In  particular  we  will  show  that  if  $  C  G  then  H  C-    G. 

Theorem  1^.1 

Let  G  be  an  analytic  subgroup  and  H  an  analytic  subgroup.   There 
exists  a  coordinate  system  at  the  identity  e  and  a  cubical  neighborhood 
V  of  semi-edge  a  such  that  H  f]  V  consists  of  a  denumerable  number  of 
slice  subm&nifolds  xc+  =  const„,.„.;xn  =  const,   where  k  =  dimension  H 
and  n  =  dimension  G. 

'roof 


Consider  the  map  0   :  Rn  — — >  G  given  by 

j^s^s2,  .  .  .  ,  sn)  =  Exp  s1X1  Exp  s2X2  ...  Exp  snX 

where  X, ,  .  . .  ,X  is  a  base  for  G  such  that  X-,  3 . . .  ,X.  span  H.   Since 

&fl     (        i  )  =  X.(e)  we  have  that  0   is  regular  at  (0,0, ...,0),    We  shall 

^s  '    i    i    -1 
show  that  x  =  s  o  Jo         is  a  coordinate  system  at  e  with  the  properties 

desired. 

12      n  \ 
Choose  a  cubical  neighborhood  V  with  respect  to  (x  ,x  , . . . ,x  ). 

a 

It  is  immediate  from  the  definition  of  the  mapping  j2f  that  each  slice 

k+1  n 

x    =  const.,..., x  =  const .  lies  in  an  H-coset.    It  follows  that 

H  HV  consists  of  slices;  i.e.  if  a  point  of  a  slice  is  in  H  then  the 

whole  slice  is  in  H. 


TE 


/- 


The  slices  in  H  f|  V  are  disjoint  open  sets  in  H  (open  by  the 

definition  of  0   and  the  topology  in  H  as  an  analytic  subgroup).    Since 

H  is  connected  we  have  H  =  2  Ur  where  U  is  any  neighborhood  of  e  in  H. 

r 
Thus  H.  satisfies  the  second  axiom  of  countability  and  H  A  V  is  the 

union  of  countably  many  slices, 

Corollary  l4.2 

The  open  sets  in  H  (as  analytic  subgroup)  are  the  connected 
components  of  open  subsets  in  the  relative  topology, 

Corollary  l4.3 

H  is  closed  if  and  only  if  H  f] V_  is  a  single  slice  for  a 

'  a 

suitably  small  choice  of  a. 

Proof 

Assume  H  is  closed.    Choose  a  closed  cubical  neighborhood 
F  of  e,    Theh  H  f\F   consists  of  slices  S£  where  f   £  Qn~k  (closed 
cube  in  Rn"k)  and  Sp     is  the  slice  defined  by  xk+1  =£  k+1 ,  .  .  .  >xn-~%  ". 

Now  H  f\  F  is  closed  just  in  case  the  set  P  of  all  points  £ 
above  forms  a  closed  subset  in  Q. 
Lemma 

If  £>  e  P  and  £  is  an  accumulation  point  of  P  then  each  point 
of  P  i£  an  accumulation  point  of  P. 

Proof. 

Consider  the  map   Q  :  H  - — >  H  given  by 

(I  :  x  — >  x.  (Exp  fe  k+lxk+1'  •  -EXP  ^  nX)"1 


The  map  UL   takes  a  neighborhood  of  y  =  (Exp^  k+1Xk^ x „ . . Exp  %  nXn) 
to  a  neighborhood  of  e. 

Let  W  c  V  be  a  neighborhood  of  y  with  W"  c.  V  .    Then 
a        °  °  y     a 

I  V1(H  n  W)  =  (Vlw)  ^H  °  Va  ^H 

So  we  see  that  if  the  ..slices  accumulate  at  y  they  also  accumu- 
late at  e,  and  hence ,  by  translation,  at  every  point  Z  <e  V  H  H. 

From  the  lemma  and  the  preceding  remarks  we  see  that  if  P  is 
infinite  it  is  both  countable  and  perfect.   As  this  is  impossible, 
we  conclude  that  P  is  finite.   So  for  a  smaller  choice  of  the  number 
a  we  can  arrange  that  V  H  H  consists  of  a  single  slice.   If 
\  V  f]  H  is  a  single  slice,  then  H  (]  V&  =  H  f)  V  .   Thus  H  =  H  (  by 

translating  our  information  to  a  neighborhood  of  any  point  of  H. ) 

Corollary  l4. 4 

H  is  closed  if  and  only  if  the  relative  topology  coincides 
with  its  analytic  group  topology. 


!,K,'i-'\'l  i!   W 


We  now  take  up  the  problem  of  interpreting  G/tt  as  an  analytic 
manifold  where  H  is  a  closed  analytic  subgroup  of  G. 


Let  G  be  an  analytic  group  and  H  an  analytic  subgroup.   Take 

a  base  X,  ^Xp,  .  .  .  ,  X  for  G  in  which  X..  ,Xp, .  .  . ,  X,  span  H.    We  intro- 

12      n 
duce  a  coordinate  system  (x  ,X  , . . « ,x  )  at  e  in  G  such  that  the 

element  g  near  e  is  given  by  : 

g  =  Exp  x1(g)X1  Exp  x2(g)X2  ...Exp  xn(g)Xn 

If  V£  is  a  cubical  neighborhood  of  e  in  G,  we  know  from  lecture 
XIV  that  the  slice  x**1"  =  const. , . .. ,xn  =  const,  is  the  connected 
component  of  an  H-coset  H  f\  V   and  conversely.    We  will  use  the 
following  consequence  in  what  follows  : 

Corollary  15.1 

Let  H  be  a  closed  analytic  subgroup  of  G.   Then  there  exists 
a  positive  number  e    such  that  two  elements  in  V€  belong  to  the 

same  H-coset  if  and  only  if  they  belong  to  the  same  slice  _  J*-' 

k-hl       .       n       . 
x    =  const. , . . . ,x  =  const. 


Proof 


Choose  £   ,    such  that  H  f)  V£   consists  of  a  sijngle  slice.  Choose 

1  1  _i 

0     such  that  V£  Vr    cz    Vc  .   Choose  £  such  that  Vr   V^  C  Vc  . 
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Then  given  x  and  y  in  V^  and  both  in  the  same  H-coset,  we  may  write 

x  £    Hy  0  V.   . 

Then  xy"  e    H  f]  V£     -   a  single  slice  in  VV  .    Writing 

1  ^2  -  2 

x  =  xy  y  we  see  that  x£  (H  (]  V^  ).yC  V€  (  i  Hy. 

2        1 

Now  ,  H  f)  V6   is  connected  and  so  x  is  contained  in  the  connected 

2 
component  of  y  in  Hy  / ) V£  .    It  follows  that  x  and  y  lie  in  the 

1 
same  slice  of  V£  .    Since  the  intersection  of  a  slice  with  a  smaller 

1 
cubical  neighborhood  is  again  a  slice  we  have  that  x  and  y  lie  in  the 

same  slice  of  V^  . 

Definition 

Let  G  be  a  topological  group  and  H  a  subgroup.    We  denote  the 
family  of  left  cosets  by  G/„   and  let  tt:G  — >  G/     denote  the  canonical 
projection.    We  topologize  the  set  G/„  by  taking  as  open  sets  those 
sets  of  the  form  tt(U)  with  U  open  in  G.    The  mapping  7r  is  thus  con- 
tinuous and  open.    GA,  is  a  Hausdorff  space  if  and  only  if  H  is 
closed  in  G.    We  denote  by  H\G  the  family  of  right  cosets 
topologized  in  like  fashion. 

Definition 

Let  U  be  a  neighborhood  in  G/H.   By  a  cross -sect ion  on  U  we  mean 
a  continuous  map  (£:U  — >  G  such  that  tt  o  (J(  is  the  identity  on  U. 
By  a  local  cross  section  at  a  point  p  e  G/„  we  mean  a  cross-section 
on  some  neighborhood  U  of  p. 


Yv-o 


We  have  a  natural  map  ^ :  G  x  G/„   — — : >  G/tt  defined  by 
/^:(g,xH)  >  gxH„ 

This  mapping  ^is  continuous  and  induces  a  mapping 
4L  \    g  >  {  group  of  homeomorphisms  of  G/tj     given  by 

diagram: 

L 

G  — £-— >  G 


:  g  — >  L^  where  Lo,  :  xH  -— — >  gxH.    We  have  the  commutative 

o 


7T 


IT 


V  V 

G/H~_>     G/H 

Lg 

and  it  follows  that  a  local  corss-section  at  p  gives  rise  to  a 
local  cross-section  at  any  other  point  q„ 

Proposition  15.2 

Let  G  be  an  analytic  group  and  H  a  closed  analytic  subgroup. 
There  is  a  local  cross-section  at  the  identity  in  G/H. 

Proof 

Let  G   be  chosen  as  in  Corollary  15. 1.    On  the  neighborhood 
7r(V£  )  consider  the  map  (£:Tr(g)  — >  point  whose  coordinates  are 
(0,0, ...,0,x   (g),...,x  (g)  )    Since  points  of  V^  in  the  same 
H-coset  are  in  the  same  slice  ,  this  map  is  well-defined  and  it 
is ^continuous. 


It  results  now  that  G  is  a  fibre-bundle  over  G/rr  in  the  sense 
of  Steenrod  (Steenrod,  Topology  of  Fibre  Bundles ,  Princeton, 1951) 
The  existence  of  local  cooss-sections  is  essentially  the  statement 
it"    (U)  ~  UxH.   Globally ,  the  situation  is  described  by  piecing 
together  according  to  a  structure  group;  viz.,  LH  the  group  of 
left  translations  by  elements  of  H.    The  quadruple  (G,G/tt,*b-,Ltj) 
is  the  resulting  fibre  bundle. 
Theorem  15.3 

There  exists  precisely  one  analytic  structure  on  G/H  such  that 
the  canonical  map  A^iO   x  Q/„   — - >  G/H  is  analytic . 

With  this  structure ,  G/Vr  has  analytic  local  cross- sections. 

Proof 

In  a  neighborhood  U  of  the  coset  H  we  introduce  the  coordinate 
system  x  :  o  (JL,x<+    o  (%,,  .  .  .  ,xn  o  (IL  where  C£  is  the  local  cross- 
section  defined  bef ore .   Py  translation^  we  get  coordinate  systems 

■LT 

at  each  point;  viz;  on  L  (U)  take  as  coordinate  system 

k+1  Af«  n  TH        n  rn   _  _ H 
x    o  ^c-   a     l  .  ,,,,,x  o(to  L  -.. 

Z~  g" 

^.   We  can  easily  verify  that  this  is  an  analytic  structure  and  the 
local  cross-section  GL>   is  analytic  by  construction.   The  uniqueness 
of  the  analytic  structure  is  straight-forward. 

We  state  now  several  important  facts  and  refer  the  reader  to 
the  new  book  of  Helgason  (Differential  Geometry  and  Symmetric  Spaces , 
IntersMence  )  for  the  proof  of  the  first 


Theorem 

A  connected  closed  subgroup  H  of  an  analytic  group  G  is  an 
analytic  subgroup, 

Theorem 

An  arcwise- connected  subgroup  of  an analytic  group  is  analytic. 

In  particular,  it"  rcssults  that  the  connected  component  of  the 
identity  in  any  closed  subgroup  is  an  analytic  subgroup.   Now,  the 
connected  component  of  the  identity  is  also  open  and  the  proof  of 
theorem  15.3  can  be  modified  for  space  ;  GAr  where  G  is  an  analytic 
group,  H  a  closed  subgroup  containing  the  analytic  subgroup  H-,  as 
an  open  subgroup.    It  follows  that  if  H  is  a  closed  subgroup  of 
the  analytic  group  G  the  space  G/^   has  an  analytic  structure  and 
analytic  local  cross-sections. 


In  the  case  where  H  is  closed  and  normal  in  G  we  have  an 
analytic  structure  on  G/H  and  a  group  structure.   In  the  following 
diagram  all  maps  are  already  known  to  be  analytic  except  tT 
(the  multiplication  in  G/H)  :  1 


G/hXG/h   _-^__>   G/H 

<fcs  identity 

'    G/h 
GxG/H       ^~~>     G/H 


identity  G/H 


jEZifc 


As  t  =  identity^/  0  xoo(£-x  identity  p/   is  the  composition 
of  analytic  maps  it  is  also  analytic. 

Thus  G/H  is  an  analytic  group  and  7r:G  — >  G/H  is  an  analytic 
homomorphism.   The  triple  (G,tt,G/h)  enjoys  the  universal  property  : 

Let  G  and  G  be  analytic  groups  and  <D  :G  — >  G  an  analytic 
homomorphism  with  H  C  ker  O   .   Then  there  exists  precisely  one 
analytic  homomorphism   0  such  that  the  following  diagram  commutes: 


G 2_>  0/ 


H 


</ 


G 


LECTURE  XVI  XVI-1 

In  this  chapter  we  discuss  analytic  homomorphisms  of  groups 
p:   G  — i >  H  and  relate  them  to  homomorphisms   £>:  G  — >  H  . 

Definition:  Let  £  :  G  — i >  H  be  an  analytic  homomorphism. 
We  define  a  linear  map  g:  G  -->  H  as  follows: 


g(X)h=  dvcyx^j 

where  gG  is  the  identity  in  G  . 
Lemma  16.1 :  X  and  £(X)  are  ^-related. 

Since  f(xg)  =  e(x)  ?(g)   we  have  £cR  =  R£(gf  ^  » 
whence  dfg  •  dRgU^)  -  <^(gf  ^(X^) 

=  f(X)?(g) 

How,  whenever  X,   is.  £ -related  to  Y^  and  X?  is  ^-related 
to  Y2  we  have   [X-,  ,X2]  is  ^-related  to  [Y,  ,Y23  for  any  analytic 
map  p     .  In  particular,  we  have  here  p[X,Y]  =  [p(X),£(Y)]  and 

is  a  homomorphism  of  the  Lie  algebra  G  into  the  Lie  algebra  H  . 

*        • 

Furthermore,  the  map   •  :  Hom(G,H)  — ■ >  Hom(G,H)   is  functional*, 
i.e.  ,   (  £  »  or)   =      f  o  o-  ,  as  we  see  from  the  fact  that  d(  (?  •  <j")  =  df  °  do-. 

Lemma  16.2  :  The  mapping   •   is  infective',   i.e.  ,  given 

f,cr  e  Hom(G,H)  and   p=  cr  we  conclude  that   £> »  <r  . 

Proof:  ^o  exp  x  (&J  =  exp  f(X)»^(gG)  .   Thus  wa  have: 

(*)   £(Exp  X)  =  Exp  f (X)   for  each  X  e  G  .   If  f=  <r 
then  we  also  have  £  (Exp  X)  =  o~~  (Exp  X)   and,  since  the 
elements   {Exp  X}  generate  G  ,  we  must  have  P  =  <T  • 
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Another  immediate  consequence  of  the  formula   (*)   is: 

Notei 1 '       £ is  one-to-one  if  and  only  if  ^  is  one-to-one  in 

a  neighborhood  of  Gp  . 
We  now  state  and  prove  some  other  important  properties  of  "•"  . 
Note  2}     The  connected  component  of  the  identity  of  Ker  £  is 

the  analytic  subgroup  N  corresponding  to  the  subalgebra 

Ker  f  of  G  . 
Proof:  Clearly  N  is  contained  in  Ker  £   .   Now,  let  U 

be  a  neighborhood  of  Cn     of  the  form  Exp  11     where 

1 )  1Y  is  a  neighborhood  of  0  in  G 

2)  .Exp:  (?("U)  — >  H  is  one-to-one 
For  X  e  11  we  have 

CR   -  Expe(X)  <===>  e(X)  =  0  <5=^>  X  e  Ker  t  <=>  Exp  X  e  N 
which  tells  us  that  Ker^  f\  U  =  N/1U  .   This  yields  that 
N  is  open  in  Ker  f       .   Since  an  open  subgroup  is  also 
closed,  it  follows  that  N  is  the  connected  component 
of  the  identity  of  Ker  ^  ♦ 

Corollary :  The  analytic  subgroup  N  of  G  ,  corresponding 
to  the  Lie  subalgebra  Ker  o      C  G  is  closed  in  G  . 

Note  3:  Let  G  be  a  simply  connected  analytic  group.   Then 

the  mapping  tf»,f  of  Hom(G,H)   into  Hom(G,H)   is  bijective. 

Proof: 

A)  We  will  first  give  a  simple  proof  refering  the  reader 
to  the  book  of  Pontyagin  for  a  proof  of  the  key  fact;  viz. 
that a  local  homomorphism  of  G  (connected  and  simply 
connected)  can  be  extended  to  a  homomorphism  of  all  of  G  . 
With  this  tool  at  hand  we  produce  the  local  homomorphism 
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£(Exp  X)  =  Exp  9(1)      for  0  e  Hom(G,H)  .  We  now  give  a 
fuller  treatment . 

B)   The  analytic  group  G  * H  has  a  Lie  algebra  which 
may  be  identified  with  G  * H  .   Set 

M=    {(X,  9(a));  X  e  G}  . 

•    » 

■id   is  a  Lie  subalgebra  .  of  G*H  whose  corresponding 
analytic  subgroups  will  be  denoted  G  . 

Denote  by  n T  and  n"  the  projections  tit:G*H  — i >  G 
and  Tt'T:G*H  — >  H  •  Let  cr  =  tl  '  |G  (the  restriction  of 
ti»  to  the  subgroup  GC  GxH)   and  x-   Ttn|G  .   As 
cr=  n ?|G  is  one-to-one,  we  see  that  cr  is  locally 
one-to-one  on  an  open  connected  neighborhood  U  in  G  . 
We  can  now  show  that  the  pair   (G,  cr  )   is  a  covering 
space  of  G  . 

Lemma:  Each  point  in  G  has  a  neighborhood  V  such  that  each 
component  of  cr =  (V)   is  mapped  homomorphically  onto 
V  by  cr  . 

Proof:   Let  D  =  cr=1(l)  =  Ker  cr    .   Let  V  =  cr(U)  .   Then 

cr^iV)   =  D-U  =  [du;  d  £  D,  u  £  UJ  .   For   d,  dr  £  D 

we  have     dU  nd?U  ^  fi  <=>  d  =   dr    .      To   see  this  we  write: 

du  =   dTu? 
u  =   d"  dTu? 

cr  (u)    =   o-  (d^d*  )o-(uT)    =   cr(u') 

u    =    UT 

d  =    dT 

So  D*U  is  the  union  of  disjoint  open  sets  and  for  each 

d  £  D  we  have  dU  for  the  connected  component  of  d  in 
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D'U  .   Also,   cr   is  one-to-one  on  dU  whence  it  is  a 
homeomorphism . 
It  follows,  since  G  is  simply-connected,  that   (G,cr)   is 
the  trivial  covering  and  that  cr    is  one-to-one  (see  Lecture  XVIII). 
Hence  (f       is  analytic  (we  are  here  using  the  fact  that  a  one-to- 
one  analytic  homomorphism  is  a  bianalytic  isomorphism).   Setting 
f=  r^cr4  :  G  — >  H  we  verify  easily  that   £  =  0  .' 

Note  4:  The  commutator  subgroup  of  the  simply  connected 

analytic  group  G  is  closed. 
Proof:  Let  V  be  an  analytic  group  whose  Lie  algebra  is 

isomorphic  to  G/[G,G]   (e.g.,   V  =  R*  where  i=   dim  G 
-  dim  [G,G])  .   Let  8  be  a  homomorphism  0  :  G  — >  V 
with  ker  6  =  [G,G]  . 

There  is  a  corresponding  homomorphism   f :  G  — >  V 

0 

with  t- .6  .   From  the  corollary  to  Note  2  we  see  that 
the  analytic  subgroup  with  Lie  algebra   [G,G]  is  closed 
and  we  have  seen  earlier  (Lecture  XIII)  that  this  is  the 
commutator  subgroup. 
Remark :  Any  real  Lie  algebra  ){  is  the  Lie  algebra  of  some 
analytic  group  }{   .   The  argument  of  Note  4  shows  .* 

Any  normal  analytic  subgroup  N  of  a  simply- 
connected  analytic  group  G  is  closed. 


We  now  consider  the  case  G  =  H  and  in  place  of  Hom(G,G) 
we  look  at  Aut(G,G)  .   Note  1  shows  that  "•"  maps  injectively 
Aut  (G,G)   into  Aut  (G,G)   and  the  mapping  is  surjective  when  G 
is  simply-connected.   We  will  show  now  that  Aut(G,G)   is  an 
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algebraic  Lie  group  (in  general  it  is  true  that  Aut(G,G)   is  a 

Lie  group  but  not  necessarily  algebraic). 

Let  V  be  a  finite-dimensional  vector  space  over  R  . 

2 
HomR(V,V)   is  isomorphic  (as  vector  spaces)  to  R^dim  V^  .AutR(V,V) 

is  an  open  submanifold  of  HomR(V  V)  as  it  is  the  complement  of 
the  hyper surface  defined  by  det  x  =  0  .   AutR(V,V)   is  thus  a  Lie 
group  with  the  two  connected  components  C-,  =  (x',det  x  >  0}  and 
C2  =  (x*,  det  x  <  0]  . 

Definition:  A  subgroup  of  G(V)  =  AutR(V,V)  is  called  algebraic 
if  it  consists  of  all  the  common  zeros  in  G(V)  of  a  set 
of  functions  in  the  ring  generated  by  the  linear  functions 
on  HomR(V,V)  (this  ring  is  called  the  ring  of  poly- 
nomial functions  on  HomR(V,V)). 
Remark :  An  algebraic  subgroup  of  G(V)   is  closed  in  the 

relative  topology  for  G(V)  .  As  the  relative  topology 
is  the  analytic  group  topology  for  G(V)  we  conclude  that: 
An  algebraic  subgroup,  A  ,  of  G(V)   is  closed 
in  G(V)  .  Since  A  is  a  closed  subgroup  of  an 
analytic  group  it  is  a. Lie  group  (Lecture  XV). 


»    • 


We  now  look  at  Aut   (G,G)  .   An  element  cr  of  AutR(G,G)   is 
contained  in  Aut(G,G)   just  in  case   [cr  (X),  cr(Y)]  =  cr  [X,Y]  for 
all  X,Y  e  G  .   This  condition  is  actually  an  algebraic  one. 

Lemma;  The  condition  [o~(X),  cr(Y)]  =  cr[X,Y]  is  a  con- 
dition that  certain  polynomials  vanish. on  cr    . 

Proof:  Let  X-,  ,X2> ....  »X_  be  a  basis  for  G  .  We  write: 
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[Xix .  ]-£(£,  xk 

J        j        J    J 
Then  the   condition     cr[X.  ,X.]  =    [o~ (X. ) ,cr (X . ) ]     becomes, 

p*q  Ch    Wq"    Ll  riA    •    I   W    • 

This,    in  turn,   may  be  written 

ZC?.  ol  X     =       z       cr:,    cr.fl  cf  f  X     . 
p,q  1J      P*  *        k,i,q     lk      M      kX      * 

from  which  we  obtain  the  polynomial  conditions  on  the 

[o^.J  by  equating  components. 

<  • 

Thus  Aut(G,G)   is  an  algebraic  group  and,  by  virtue  of  the 

above  remark,  it  is  a  Lie  group. 

Exercises •  Making  the  standard  identification  of  the  Lie 

algebra  of  G(V)  with  a  subset  of  HomR(V,V)  prove  that 
the  Lie  algebra  of  Aut   (G,G)   is  Der(G)  (i.e.*,  the 
algebra  of  derivations  of  G)  . 
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We  now  take  up  the  theory  of  covering  groups  in  order  to  relate 
information  about  simply-connected  groups  to  arbitrary  groups. 

Definition '     A  map  f :A  — i >  B  is  called  an  even  covering  of 
the  space  B  by  the  space  A  if  and  only  if  each  point 
p  e  B  has  a  neighborhood  U   such  that  each  connected 
component  of  f  (U  )   is  mapped  topologically  onto  U 
by  f  .   The  pair   (A,f )   is  called  a  covering  space  of  B  . 

Recall  the  following  facts: 

1)  Given  M  simply-connected  and  f :A  — i >  B  an  even 
covering  and   CP^M  — >  B  continuous ,  there  is  a 
continuous  map   (i  :M  — >  A  such  that  if  =  f  o  (p 


Moreover,  given  any  aQ  £  f"  (^(nu)),  mQ  e  M  , 
there  is  one  and  only  one  map  cp  such  that   c^(mn)  =  afi  . 
It  follows  that  a  simply-connected  space  has  no  non-trivial 
even  covering. 

2)   Given  a  topological  space  A  which  is  locally  connected 
and  locally  simply  connected,  it  has  a  simply  connected 
covering  space  A  ,  which  is  unique  up  to  a  homeomo-rphism. 
Definition :   The  Poincare  group  of  A  is  the  group  of  homeo- 
morphisms  y  :  A  =—>  A  of  the  simply  connected  covering 
space  A  such  that  the  following  diagram  is  commutative  '• 
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— : >  A 


f  o  i   =     f 


We  denote  it  by  ^(A)  #   From  1}  ±t   follows  that 

A/ti-,(A)  ~  A  ,  for  given  any  points  a-,   and  a?  both 
of  which  are  in  f"  (a)  ,  a  e  A  ,  there  is  exactly  one 
element  Y   in  it-,  (A)   such  that  ya-,  =  a2 

3)  t^U^B)  =  ^(A)  x  t^IB) 

4)  Let  G  be  topological  group.  Let   (G,f )  be  a  simply 
connected  covering  space.   The  G  can  be  made  into  a 
topological  covering  space.   The  G  can  be  made  into  a 
topological  group  so  that  f  is  a  homomorphismi 

Proof:  u-^GXG)  =  (1)/  (1)  -  (1)   and  therefore  G^G  is 
simply  connected.  Let  /j,'*   G  *  G  — i >  G  be  defined  by 


,u(x,y)  =  xy" 


-1 


We  have : 


*j 


G  x  G  -  -  -A 


->  G 


f  x  f 
G  ■ 


v 


f 


V> 


->  G 


A~-  ***> 


there  exists  //,:  G^G  ~ >  G  ,  a  lift  of  ft  a  (f  /f )  with 

the  following  restrictions : 

-=1 


a)   Choose  1  e  f   (1) 


a-"   ,a^ 


b)   Choose  //,  so  that  #(1,1)  =  1 


^/ 


Given     x   £  G      set     x       =   /i(l,x)    .      Define     x*y  =  /ux,y      )    . 
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Claim:   This  multiplication  in  G  is  associative 
Proof  :  x(yz)  =  (xy)z  for  each  of  these  expressions 

represents  a  map  of  G  *  G  *  G  — ->  G  which  covers  the 
diagonal  of  the  commutative  diagram  «— 
G  *  G  *  G  — >  G 


(fxfiif) 


v 


f 


G  *  G  x  G  — >  G 
(x,y,z)  — >  xyz 


yV^   .^y   /C^ 


As  each  takes   (1,1,1)   into  1  they  coincide. 
Also  x   -x  =  x'x   =  1  .   G  is  a  group  and  f  is 
a  continuous  homomorphism. 
Remark:  u-,  (G)   can  be  identified  with  Ker  f  -   f"  (1)  as  a 

point  set.   This  correspondence  is  actually  an  isomorphism 
of  groups  — 
Proof:   Let   0  :  n-^G)  — >  Ker  f  be  defined  by  ye   ti-^G)  — >  y(l) 
•  0  is  bijective 

•  (r2  °r1)(i)  =  r2(i)«  rx(i) 

Thus,  we  can  identify  G  with  G/Ker  f  . 

If  G  is  connected  the  discrete  normal  subgroup  D 
is  contained  in  the  center. 
Proof:   For   d  e  D   consider  the  map  g  — >  gdg~   which  is  a 
continuous  map  of  a  connected  group  to  a  discrete  one. 
It  follows  that  gdg~  =  d  for  all  g  £  G  and  D  is 
contained  in  the  center  of  G  . 

5)   In  case  G  is  an  analytic  group  we  can  give  G  an 
analytic  structure  so  that  G  is  an  analytic  group  and 
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f  an  analytic  homomorphism.   Thus  every  analytic  group 
is  covered  by  a  simply-connected  analytic  group. 

We  have  seen  that  the  group  of  automorphisms  of  a  simply- 
connected  analytic  group  G  ,  Aut(G,G)   is  equal  to  Aut  (//,#) 
where  J&     is  the  Lie  algebra  of  G  .   If  G  is  an  analytic  group 
whose  Lie  algebra  is  isomorphic  to  J3    we  can  say  that  G  must  be 

r-J  A> 

G/D  where  D  is  a  discrete  normal  subgroup  of  G  .   Aut(G,G)   can 
be  identified  with  the  subset  of  Aut(G,G)   which  keeps  D  invariant 
(a  Lie  group  since  it  is  closed). 

Exercise :  Let  G  be  an  analytic  group.   Let  H  be  an 

analytic  subgroup  such  that  ff  =  G  (e.g. ,  a  Krone cker 
line  on  the  torus). 

Then   [G,G]  =  [H,H] 

Definition :  Given  N,G,A  Lie  groups  with  the  following 

split  exact  sequence  of  analytic  homomorphisms 

(1)  — >  N  -&->  G  ^=^  A  — >  (1) 

a* 

(i.e.,   af:  A  ~— i >  G  and  a  o  aT  =  identity  on  A)   we 

call  G  a  trivial  extension  of  N  by  A  . 

We  have  an  analgous  definition  for  Lie  algebras 

((0)  —>7f  -§->#  rf^  Of-— >  (0))  . 

As  a*  must  be  a  momomorphism  we  can  identify  A 
with  an  analytic  subgroup  (for  Lie  algebras  aT(^0 
need  not  be  an  ideal  but  we  have  J&  -  Y\  Q  aT  [&()    (semi- 
direct ) . 
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Exercise «  Given  G  a  simply  connected  analytic  group  and 

given  G  is  a  trivial  extension  of  N  by  A  ,  then  G 
is  a  trivial  extension  of  N  by  A  . 

Hint «  Define  analytic  groups  N  and  A  and  given  an  analytic 
homomorphism  f:   A  -—■ >  Aut(N)   we  define  A  £   N   (semi- 
direct  product  with  respect  to  (f   )  as  follows  : 

(a1,n1)(a2,n2)  =  (a-^,  ^(a^n^n^  . 
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In  this  lecture  we  discuss  some  of  the  properties  of  solvable 
Lie  groups. 

Definition:  A  Lie  group  (algebra)  is  called  solvable  if  and 

only  if  there  exist  subgroups  (subalgebras ) 

G  =  Gq  J  G-,  D  . . .  3  G  =  (1)  such  that  G.+,   is  normal 

(n) 

in  G.   and  G./G.+1  is  abelian.   Equivalently ,  we  have  Gv  J 

55   (1)   ((0)  in  the  case  of  the  algebra)  for  some  integer 
n  where  G(i+1>  =  [G(i>,G(i>]  and  G(0>  =  G  . 

Thus ,  an  analytic  group  is  solvable  if  and  only  if 
its  Lie  algebra  is  solvable. 
Lemma:  Let  G  be  a  topological  group.  Let  H  be  a  normal 
subgroup.  Then  its  topological  closure  H  is  a  normal  . 
subgroup . 

Proof :  In  as  much  as  the  automorphism  T   :g  — >  x"  gx~ 

1  x 

is  also  a  homeomorphism  of  G  the  condition  x~  Hx  C  H 
implies  x~"  Hx  C  H  . 
Lemma  .*  Let  G  be.  b.   topological  group  and  let  H  be  a  solvable 
subgroup.   Then  H  is  solvable. 
Proof:  Suppose  we  have  HJH^^D,.O^n'  =  (1)  . 
Then  also  H]H(1)  D  ...  D  H(n)  =  (1).   It  suffices  to 
show  H(iVh(i+1)   is  abelian.   As  H(iVH*i+1)   is 

abelian  we  have  H^1' -H^1+1 '/H^1+1^  abelian  and  its 

""7"iT     /  i+l ) 
closure  (which  must  also  be  abelian)  is  Hv  '  /  Hv    '  . 

Lemma:  In  a  Lie  algebra  J^    the  union  of  all  solvable  ideals 

is  a  solvable  ideal. 
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Proof:  Given  jfjl   and  jffc  solvable  ideals,  the  sum  Kt_  +  Ho 

(n-,  )  (rip) 

is  an  ideal.   Also  if  K     =  (0)   and  %     c     =  (0) 

,       (nl' 

with  n-,  >  n2  we  have   (J-J-,  +  Ko)     =  (0)  . 

As  the  union  of  all  solvable  ideals  can  be  written 
as  a  finite  sum  of  solvable  ideals  we  see  that  .it  is  a- 
solvable  ideal. 

Definition:   The  union  of  all  solvable  ideals  of  J$     is  called 
the  radical  of  M    .   It  is  the  unique  maximal  solvable 
ideal.of  Jd     .  Given  an  analytic  group  G  we  define 
R  =  rad  G  to  be  the  analytic  subgroup  whose  Lie  algebra 
is  rad  G  (the  radical  of  G  )  . 

Proposition:  The  radical  R  of  an  analytic  group  G  is  closed 
and  is  the  maximum  normal  solvable  connected  subgroup. 
Proof:  R  is  analytic  ^.normal,  solvable,  whence  R  is  a 
solvable^  ideal  and  R  =  R  .   So  R  =  R  and  R  is  closed, 
normal,  and  solvable.   That  it  is  maximal  among  connected 
analytic  subgroups  with  these  properties  results,  also, 
from  the  maximal ity  of  R  . 

Remark :  There  is  a  striking  analogy  with  associative  algebras. 
The  very  important  Levi  decomposition  theorem,  which 
historically  was  proved  before  the  Wedderburn  analogue 
for  associative  algebras  asserts  that  for  a  simply  connected 
analytic  group  G  \      The  sequence   (1)  ->•  R  -^  G  ~>  G/R  ->•  (1) 
splits.   A  proof  of  this  theorem  will  be  presented  much 
later. 


a 
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Proposition:  The  analytic  group  G/R  has  no  radical. 
Proof :   The  radical,   H/R  ,  in  G/R  gives  HCG  , 

subgroup* 

normal  solvable,  connected.  Since  H  Z)  R  we  have  H  =  R 
and  H/R  =  (1)  e  G/R  . 

Remark :   Originally  the  property  of  having  no  radical  was  taken 
as  a  definition  of  :f  semi  simplicity" .  We  usually  use  a 
different  definition  nowadays  but  one  which  is  equivalent 
to  this  property.  We  will  discuss  the  equivalence 
completely  later. 

The^orern^l:  Let  G  be  a  simply  connected  solvable  analytic 
group.   Then  G  is  homeomorphic  to  euclidean  space.. 
More  precisely,  G  can  be  expressed  as  a  succession  of 
semi-direct  products  of  groups  isomorphic  to  R 
Proof:   [G,G]  is  closed  (Note  4,  Lecture  XVI).  G/[G,G] 
is  an  abelian  analytic  group  and,  since  the  map 
G  — >  G/[G,G]  is  monotone  (implying  that  the  induced 
map  u-^G)  — >  -ir^tG/IGjG]")"  is  onto),   ^(G/CG.G])   is 
(1)  .   Thus  G/[G,G]  is  a  simply  connected,  analytic, 
abelian  group.   It  is  therefore  isomorphic  to  R 
(where  k  =  dim  G/[G,G])  ,  whence  G/[G,G]  ^R-,*  R2  x... 
...  x  Rk  (direct)  where  R.  ^  R   . 
Let  G-,  =  inverse  image  of  R-, 

G2  =  inverse  image  of  R-,x  R? 


Gj  =  inverse  image  of  R-.  *  R?  *  . . .  x  R 


x 
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We  have  G  =  G,JGfl   D  .  .--O  [G,G]  and  each  G.   is  a 

x       JL-i 

normal  analytic  subgroup  (and  hence  it  is  closed  —  note  4> 

Lecture  XVI).   Now  G  =  Rn  /  Grt    (semi-direct)  because 

G  =  R9  +   G„    and  R  f]    6    =  (0)  .   Thus  n,  (G)  = 
-*    t-1        A    jUl  -1 

3  Tin(R^)  XTi-,(Gfl  t)  and  n,(G«  -,)   is  therefore   (1)   so  that 
G*  -J   is  simply  connected  and  we  may  proceed  by  induction. 

So  for  simply  connected  analytic  groups  the  radical  con- 
tributes only  a  euclidean  space  (topologically ) . 

o  


We  now  come  to  the  very  important  Lie*s  theorem  for  solvable 
groups.   Let  V  be  a  finite  dimensional  (non-zero)  vector  space 
over  the  field  K  .  As  before  we  denote  by  G(V)  the  group  of 
non-singular  transformations  of  V  .   A  subgroup  (not  necessarily 
algebraic)  of  G(V)   is  called  a  linear  group  .  When  K  is  the 
field  of  complex  numbers  G(V)   has  the  relative  topology  of  the 
euclidean  space  HomK-(V,V)  , 

Theorem  2 :  Let  G  be  a  solvable,  connected  subgroup  of  G(V)  . 
Then  there  is  a  basis  for  V  with  respect  to  which  the 
transformations  g  e  G  all  have  triangular  matrices. 
This  theorem  is  equivalent  to: 

Theorem  2 T :  Let  G  be  a  solvable,  connected  subgroup  of  G(V)  . 
Then  there  is  a  sequence  of  subspaces  ~ 

v  =  v0  d  v1  d  ...  d  vn  =  (0) 

such  that : 

1)  gVi  =  V±     for  all  g  e  G 

2)  dim  V.  =  dim  V. .,  +1 

'       i        l+l 
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Thus  to  prove  this  theorem  it  suffices  to  prove  that  there  is 
a  non-zero  element  w  e  V  such  that  g(w)  =  \(g)w  for  each  g  s  G  . 
For  given  this,  take  vn_i  ~  Kw  and  apply  this  fact  to  V/V  _-,  . 
We  may  thus  state  the  following  equivalent  formulation  of  Theorem  2: 
Theorem  2" :   Let  G  be  a  connected  solvable  linear  group  on 
V  .   Then  there  is  in  V  a  non-zero  element  vn  e  V 
such  that  Vp.  is  a  common  eigenvector  for  all  trans- 
formations of  G  ;  i.e.,   gvQ  =  ^(g)vQ  where  \(g)  e  K  . 
There  is  also  such  a  theorem  for  solvable  linear  Lie  algebras 
over  an  algebraically  closed  field  of  characteristic  0  .  We  give 
the  proof  here  for  groups  because  (with  slight  modifications)   it 
goes  over  to  arbitrary  characteristic  (in  characteristic  p  >  0 
we  mean  by  "connected"  that  G  should  be  connected  in  the  Zariski 
topology).   In  the  last  10  years  —  since  the  proof  of  Theorem  2?r 
(by  Kolchin)  —  we  find  a  tendency  to  do  things  on  the  group  directly 
for  all  characteristics  simultaneously  (especially  in  case  G  is 
compact) . 

Proof  of  Theorem  2?f:  G  is  connected  and  solvable.   Hence 
we  have  '• 


and 


1)  each  Gk  =  [G^"1',  G^"1^]   is  connected  (the 
commutator  subgroup  of  a  connected  group  is 
connected) . 

2)  G^"1)   is  abelian. 

We  begin  by  studying  G*n=  '      and  build  the  proof  from  there. 
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Definition :   Let  /j,iH   — i >  KT  be  a  homomorphism  of  the  linear 
group  H  into  the  multiplicative  group  of  K.   .We  set 

V,(H)  =  [V,  v  £  V  and  h(v)  =  j.i{h)v     for  all  h  e  H} 
ft 

Take  g  e  G  "  '  and  let  A.  be  any  one  of  its  eigenvalues 

Let  V.  (g)  =  [v',v  £  V  and  gv  =  \v]  .   By  construction 
A. 

V  (g)   is  not   (0)   and,  furthermore,   V .(g)   is  invariant 
A.  A. 

under  G^1)   since,  for  g»  £  G^11"1'   we  have: 

g(gTv)  =  gTgv  =  gT(Av)  =  A(gTv) 

We  now  consider  G^n"  '   operating  on  V.  (g)  .   If 

A, 

G  ^  G^n~  '   or  V  (g)  ^  V  we  can  apply  induction  to  find 

a  non-zero  element  v-,  £  V.  (g)   such  that  gv-,  =  M(g)v-, 

for  all  g  £  G^"1^  . 

For  each  homomorphism  /a:G  "  '  — >  K'*  set  V  = 

ft 

-   V  (G^n~  ')  .  Let  us  assume,  for  convenience,  that  we 
ft  . 

have  here  the  case  G  =  G*0'  J  G(1^  =  g^1)  Dg'2'  =  (1)  . 
In  the  general  case,  we  must  actually  perform  a  double 

induction  on  n  and  the  dimension  of  V  .   This  amounts 

( 1 )  * 

to  an  easy  modification  of  what  follows.  For  t^:Gv  '  ->  K' 

and  g  £  G  we  define   v"  =  o~(g)^  :  g'1'  ->  K*  by 
iyt(gT)  =  i>(g=1gTg)  for  gt  e  G(n~l)  a     Then  we  have 

Proof:  gTgv  =  g(g~  gTg)v  for  gT  £  G^n~  ' ,  v  £  V^  ,  g  £  G  . 

=  g[/(g"  gTg)v 

=  iy(g~  gTg)gv 
That  is ,  gv  £  V  . 

9  to         y\ 
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Now  there  are  only  a  finite  number  of  homomorphisms  jj, 

■ » 

involved  (V  =0  for  almost  all  ji)    .   Hence  the  map  o~ 
ft 

which  takes  g  — i >  o~  (g)   is  a  map  from  a  connected  group 
to  a  finite  one  and  hence  it  is  constant.   Thus  GV^=  V., 
and  if  Yy   ^  V  we  are  finished  by  induction.   So  we  may 
assume  Vu  =  V  *,  i.e., 

gv  =  l^(g)v  for  all  g  e  G*  '   and  v  e  V  . 
It  results  that  G^  '   acts  on  V  by  stretchings  and  there- 
fore j  lies  in  the  center  of  G  . 
Lemma :   For  g  e  G  we  have: 

G(\(g))  C  \(g) 
Proof :  Set  H  =  subgroup  generated  by  g  and  G    . 
Since  G/G^  '   is  ab-elian,   H  is  normal  in  ..  G~ »  Also-, 

v\  (g)  -  T'  (H)  where  [i     is  a  homomorphism 
fiiE   — i >  K'1'  with  /i(g)  a  \  . 

Now  G(V  (H)]CV  (H)   since  G  is  connected. 
Thus  if  for  some  g  we  have  V  (g)  ^  V  we  are  finished  by 

induction.  We  are,  therefore,  reduced  to  the  case  V.  (g)  =  V  for 

A 

all  g  and  all  X  such  that"  TT('g)  ^  0  .   Now  for  any  g  there 

is  a  a.  such  that  V.  (g)  4   0  hence  V.  (g)  =  V  .   So  any  non-zero 

A.  A, 

vector  v  e  V  will  do. 

Corollary '-  -  La£ *tl be~a  -S-olvable—Lie  -subalgebra  of  linear 

endomorphisms  of  a  finite  dimensional  (non-zero)  vector 
space  V  over  the  field  K  of  complex  numbers.   Then' 
there  exists  a  non-zero  v  e  V  such  that  g  v  =  A,(g)v 
for  any  g  e}j  [\:Jb—>   K  is  a  homomorphism  of  ^b     into 
the  additive  gRoup  of  K  . 
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We  now  begin  the  representation  theory  of  Lie  algebras. 
Let  T  be  an  endomorphism  of  the  linear  space  V  over  the 
field  K  . 

Definition:   T  is  called  nil potent  if  and  only  if  there  is 
a  positive  integer  n  such  that  T  =  0  . 

T  is  called  semi^sim^le  when  its  minimal  polynomial 
has  no  repeated  factors. 

We  make  frequent  use,  in  the  following  lectures,  of  this  fact  from 
linear  algebra  (for  a  proof  see  Chevalley,  Vol,  II,  Group es  Algebriques ) : 
Given  any  T  there  exist  a  unique  semi-simple  endomorphism 
S  a  d  a  unique  nilpotent  endomorphism  N  such  that  J 

1)  T  =  S  +  N 

2)  SN  =  NS 

In  case  K   is  algebraically  closed  or,  more  generally,  if  the 

roots  of  the  minimal  polynomial  of  T  all  lie  in  K  ,  this  fact 

corresponds  to  the  Jordan  normal  form, 

Let  V  =  HomK(V,K)   be  the  dual  space  of  V  ,  We  define  the 

space  V     by 
r ,  s 

v>.  o  =  v®  V  <g)  .  .  .  0  V  ®V*<®  V*  Q    .  .  .  #  V* 

r  copies  s  copies 

Given  an  automorphism  g  of  V  we  define  an  automorphism  g^  of 

-J-  •  t!  .  , 


by  g  =  g 


k{?)    -  <  T,\  >  =  <  gV,g\  > 
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for  all     v  e  V     and     \   e  V*    .     We   define     g  e  G1(V        )      by 


gr   a  =  vg®g  ®  ...    ®g$g    gg 


r  copies  s  copies 

obtaining  the  mapping  0^   :  Gl(V)  ■— >  G1(V  _)  .   The  homomorphism 

0     is  analytic  in  case  K  is  the  real  field  R  .   Keeping  in 
r  j  s 

mind  that  we  have  G1(V)  (the  Lie  algebra  of  G1(V) )   identified 

.         * 

with    £.(V)   =  Honv    (V,V)     we   define  the  map     0^      :   GJL(V)   — i >  GI(V     e) 

iv  r )  s  r  j  s 

as  follows : 

Definition:  Given  T  e  HomK(V,V)  we  define 


r ,  s 


«?i^     >-=,     "V*    «  ?f» 


+ 1  g  t  (^  . . .  $  1 0i '  $  r#  ...(pi 

I  ®I  &  . . .    (§1  0T  £1%  1*0     . . .  g)  I* 

+  id?i  $  ...  ®i®(-trz)®r  +  ...  +  i* 


%I-  -I- 


i®l  (g...    ®1®T  QV&   ...  $r#  (-  T) 


so  that  we  have  the  following  situation  • 


Set  ®V  =  2  V    (direct)  and  0  =  E   0. 
r,s    >  r,s 


. 


0(g)   is  an  automorphism  of  $)1     and  0(g)  =  20  Q(g<5 

r ,  s 

is  a  derivation  of  $V  . 
Note  that  the  natural  identification  of  V-,  -,  =  V$V"* 
with  Hom(V,V)  ,   in  which  v  ®\     operates  on  w  e  V  by 

(v®\)w  =  \(w)v  , 


.  «. 
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is  compatible  with  the  operations  of  G1(V)   and  G1(V)  . 
For  g  £  G1(V)  ,   x  e  Hom(V,V)  ,   T  e  Gl(V)  =  Hom(V,V)  : 

e1}1(g)x  =  gXg"1 

61  1(T)X  =  TX  -  XT  =  [T,X]  . 

■ 

Additional  properties  of  9     are ' 

r ,  s 

1)  N  nilpotent  implies  9   (N)  nilpotent,  since 

r  ,  s 

(by  virtue  of   (*) )   0     is  a  sum  of  nilpotent 

r  j  s 

endomorphisms  which  commute . 

* 

2)  S  semisimple  implies  0  AS)      is  semi-simple, 

r  ,  s 

as  we  see  by  diagenalizing   S    (Given  an  endo- 
morphism  T  of  V  ,  then  upon  extension  of  the 
ground  field  T  extends  uniquely  to  an  endomorphism 
of  the  enlarged  space.   Nilpotency  and  semi- 
simplicity  are  preserved  under  extension,  since  the 
minimal  polynomial  doesn!t  change.   In  the  case  of 
a  perfect  ground  field  an  endomorphism  is  semi- 
simple  if  and  only  if  its  minimal  polynomial  has  no 
repeated  roots.   Thus  a  semi-simple  endomorphism  is 

diagon&lia&bls . 

3)  0     is  a  Lie  algebra  homomorphism  and,  because 

r  j  s 

[®r,s(S)'  ®r,s(N)]  =  6r,s([S'¥^  =  °  *'e  have 

0   (s)  +  e   (n) 

r  ,sv  '    r ,sx    ' 

is  the  decomposition  of   0  _(S+N)   into  semi-simple 

r  ,s 

and  nilpotent  parts. 

4)  The  eigenvalues  of  T  =  S+N  are  the  eigenvalues 

« 

of  S  .   It  follows  that  the  eigenvalues  of  9  „(T) 

r ,  s 
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are  X-    +  ...  +  X.    -  (\.  +  ...  +  \.a)     where 
11         1r    Jl         JS 

X    ,  ...,  X       are  the  eigenvalues  of  T   (apply 
formula   (*)   to  S  )  . 


Given  }(  a  Lie  subalgebra  of  Hom(V,V)  ,  a  tensor  t  e  V 

r  ,s 

is  called  an  invariant  of  %     whenever  6   (j{)t  =  0  .   This  is 
equivalent  to 

erjS(fl)t  =  t 

where  H  is  the  analytic  group  corresponding  to  )(  (this  also  holds 
for  algebraic  groups  and  algebraic  Lie  algebras ) .   The  tensor 
t  e  V     is  called  a  semi -invariant  of  K  if  t  is  an  eigen- 
vector  for  0   (K)  . 

Given  WC  V  and  T  e  Hom(V,V)  with  T(W)  CW  we  set  Tw 
=  restriction  of  T  to  ¥  and  T^/^  =  induced  homomorphism  of 
V/W  defined  by  the  following  diagram: 


V/W 

If  T  =  S+N  then  (since  S  and  N  are  polynomials  in  T)  we 
have 


Tw  =  S  ,  +  N 
w    w 


TV/W  =  SV/W  +  Nv/w 


Any  tensor  invariant  of  T  is  a  tensor  invariant  of  its  semi- 
simple  part  S  and  of  its  nilpotent  part  N_  for  if  T  annihilates 


XIX  -  5 
a  vector  so  does  any  polynomial  in  T  , 

Given  an  endomorphism  T  and  a  scalar  X   e  K  we  define 
V.  (T)  =  {v*,  v  e  V  and   (T  -  \I)nv  »  0  for  some  n}  .   Then  we 

A. 

easily  check  the  following  facts : 

1)  VX(T)  =  v^TsT  =■  VX(S) 

2)  If  the  minimal  polynomial  of  T  has  all  its  roots  in  the 
ground  field  K  ,  then 

V  -  2  V.  (T)    (direct) 

We  remark  that  in  2)  the  sum   2  V.  (T)  is  actually  finite  since 
V\  (T)  ■  0  if  \  is  not  an  eigenvalue  of  T  (this  follows  readily 

A. 

from  1 ) ) . 

Lemma:  Let   £=  Hom(V,V)  and  T  e  £  .  Let  a  and  b  be 
scalars.  Then 

4<ad  T)  Vb{T)  C  Va+b(T) 

Proof:     ad  T     has  for  its  decomposition  into  semi-simple 
and  nilpotent  parts 

ad  T  =  ad  S  +  ad  N   . 
fa(ad  T)   =   c?a(ad  S)      . 
Vb(T)   =  Vb(S)      . 
Hence     fa(ad  T)Vb(T)   -   £a(ad  S)Vb(S)      . 

Now     X  e   £  (ad  S)      just   in  case      [S,X]  =  aX     and 

a. 

v  e  V,  (S)   if  and  only  if  sv  =  bv  .  We  have  : 


SXv  =  XSv  +  [S,X]v 
•  X(bv)  +  aXv 
=  (b+a)Xv   . 
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Thus  Xv  belongs  to  the  eigenvalue   (a+b)   of  S  . 
_ — _ . _ — _  o  — —         — — 


We  now  give  a  proof  of  Liers  theorem  for  solvable  linear  Lie 
algebras  over  an  algebraically  closed  field  K  of  characteristic  =  0  • 

Proof '     Let  Jj     be  a  solvable  Lie  algebra  of  endomorphisms  of 
V  over  the  algebraically  closed  field  K  of  character- 
istic 0  .   Let  Jd  ^      be  an  ideal  of  codimension  =  1  . 
By  induction  we  obtain  an  eigenvector  v  common  to  all 
of  Jj-,    .  We  may  write: 

Jj  -   KA  +  x7,   (as  a  linear  space  over  K  ) 

We  have  the  space  W  =  {v,  Av,  A  v,  ...  }  stable  under 
A  .   For  X  e  J)  -J   we  have '» 

XAv  -  AXv  +  [X,A]v  =  \(X)Av  +  \{y    )v 

il  x 

h 

XA2v  =  AXAv  +  [X,A]Av  =  \{X)k2v   +  AU-^Av  +  xU-^Av 

XAkv  =  ?v(X)Akv  + 

That  is,  W  is  invariant  under  M-.  and  the  matrix  of 
X  with  respect  to  the  basis  (v,  Av,  ...,  A  v}  of  W 
is  triangular  and  all  eigenvalues  are  \(X)  . 

Thus  tr  Xw  =  (dim  W)  \(X)  .   If  X  e  U,#]  we 

have  X  e  l&_,Jjl     and  tr  X  T  =  0  .   Since  char  K  =  0 

www  w 

the   equation 

(dim  W)   \(X)   =   0 
implies     \(X)   =   0     for  all     X  e   \Jb>&\    .      Then 
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XASv  =  \{X)ASv     for  X  e^1 


and  J3  ^      operates  on  W  by  stretching.   So,  take  w  e  W 
an  eigenvector  for  A   (possible  since  K  is  algebraically- 
closed)  .   Then  w  is  an  eigenvector  for  Jd  . 
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We  now  develop  some  of  the  theory  of  Lie  algebras.   We  begin 
with  some  facts  about  nilpotent  Lie  algebras. 

Theorem  (Engel):   Let  ^  be  a  Lie  subalgebra  of  Hom^(V,V) 
all  of  whose  elements  are  nilpotent.   Then  there  exists 
a  non-zero  element   v  e  V  such  that  Jjv   =  0  . 
Proof «  We  prove  the  theorem  by  induction  on  the  dimension 
of  J3  .   The  theorem  is  certainly  true  if  dim  Jj  -   1. 
Now  assume  J^f    is  of  dimension  greater  than  1  .   Let 
ij-,      be  a  one  dimensional  subalgebra  and  consider  ad  /<&-, 
operating  in  Jh  .     We  have  • 

and  we  can  consider  as  >#,   operating  in  J) /Ja    . 
Applying  induction   (ed  of  a  nilpotent  endomorphism  is 
nilpotent  --  under  the  canonical  tensor  representation 
a  nilpotent  endomorphism  is  sent  into  a  nilpotent  endo- 
morphism) ,  we  get  a  non~zero  element  X?  /£  Jj '        such  that 

ad^1(X2)  C  \      . 

Let  Jf±   +  KX2  =  J?2    .   Then 

i.e.,  Jj-,     ,  is  an  ideal  in  xj?  . 

Applying  induction  to  ad  Jf^     operating  in  &/&2 
we  get  an  element  X  jL  ^  such  that 


;* 


t 
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,n 


ad(^2)X3  C^2 

and  Jj  „   =  B~   +   K^o  »  whence  ^   is  an  ideal  in  -<7„  . 
Proceding  in  this  way  we  obtain  a  series 

with  ^.   an  ideal  of  codimension  1  in  <&*+-\    (it  results 
immediately  that  Jj     is  solvable).   Applying  induction 
to  Jtj  _-j   on  V  we  get  : 

V4-i>  '  ° 

We  can  write  A=  KX  +  ^n<=i  • 

Take  v  4   0  such  that  ^  nv  =  0  and  let  Y  be 

'  n=l 

any  element   of   Jj     -,     .      Then 

YXv  =  XYv  +    [Y,X]v  =   0 

Thus  X(V^(i^  -i  )  )  C  V0(^  .  )   and  X  has  a  non-zero 
0  n-1 '  '  ^-     o  n«=l 

eigenvector  there  (in  Vq(<#  -,)  )  *   "Ijet  v0  ^e  an 
eigenvector  for  X  .   Then: 

M  vQ  =  KXvQ  +  ^n=1v0  =  0 

Definition :   A  Lie  algebra,  -<&  ,  is  called  nilputent  if  and 

only  if  ad  X  is  a  nilpotent  endomorphism  of  the  under- 
lying vector  space  of  Jj    for  each  X  e  Jj  . 

Exercise :   Let  G  be  an  analytic  subgroup  of  the  full  linear 

group  whose  Lie  algebra  consists  of  nilpotent  endomorphisms. 
Prove  that  G  is  simply  connected  (Hint:   consider  the 
logarithm)  . 
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Definition*   The  normal izer  N()(J   of  a  subalgebra  ){  of  Jj 

is  the  maximal  subalgebra  in  which  ){     is  an  ideal. 
Definition :   A  Cartan  subalgebra  of  a  Lie  algebra  ij     is  a 

subalgebra  K  satisfying: 

^0(ad  M)  -  K 

Lemma:  J  is  a  Cartan  subalgebra  if  and  only  if: 

1 )  K  is  nilpotent 

2)  N(R)  =  K 

Proof:   (—->)   Assume  H  is  a  Cartan  subalgebra',  i.e., 
^/Q(ad  H)  =  H  •   Then  1)  X  is  certainly  nilpotent  as  for 
any  h ,  h T  e  H  we  have 
(ad  h)nh'  =  0 
2)   [K,  N(K)]CK  implies  N(R)  C  #0(ad  K)  =  K  . 
(<— =*)   Assume  K  is  a  nilpotent  subalgebra  equal  to  its 
own  normalizer.   Then  K  nilpotent  implies  }{  C  -£Mad  }{)    . 
From  N(H)  =  M  we  see  that   (ad  K)j//ti  nas  no  non-zero 
eigenvector  corresponding  to  eigenvalue  0  .  We  have, 
by  Engel's  theorem,   (&/K) 0  (ad  W#/u)  =  0  .   So 
^0(ad  H)/K  =  0 

Remarks :  1)   A  Cartan  subalgebra  is  an  maximal  nilpotent 
subalgebra  but  not  conversely^  e.g.,  in  Hom(V,V)   the 
super-diagonal  matrices  form  a  maximal  nilpotent  sub  - 
algebra  but  not  a  Cartan  subalgebra , 

2)   A  nilpotent  Lie  algebra  Jj    is  hypercentral  and 
conversely',  i.e..,  there  exists  a  series  //sAQDA  D  ^  D  •• 
•  -O/&L  =  {0}   such  that: 
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1 )  Jj  .      is  an  ideal  in 

2)  BJ&iAr-x      is  tne  center  of  £)  /«& ±+1    • 

This  may  be  seen  by  first  proving  that  Jj      is  nilpotent 
if  and  only  if  </■>    =   0  for  some  k  where  we  define 
the  sequence  of  /d  -ideals  H-^-b        and  //^   =  [i  pfl  . 
(Apply  Engelfs  theorem  to  the  adjoint  group). 

Exercise :  The  derived  subalgebra ,  [J!/,  J/]    ,  of  a  solvable  sub- 
algebra  Jj    is  nilpotent  over  a  field  K  of  character- 
istic 0.  (Hint:Apply  Liers  theorem  in  the  linear  case.) 

Definition:  The  Killing  polynomial  of  the  Lie  algebra  Jj     is 
defined  by: 

P(\,X)  =  det(A.I  -  adX)  where  \     is  an 

indeterminant  and  X  is  an  indeterminant  element  of  Jo-' 
{X     and  X  are  independent  variables).   This  is  a 
polynomial 

\n.^~ fiitx'j'x.11"1  +  B2(X)Xn"2  +  ...  +  Bk(X)\n'=k   . 

Each  B,(X)   is  a  polynomial  function  on  Jj  )    i.e.,  in 
the  ring  generated  by  the  linear  functions  on  Jj    (the 
latter-  ring  is  graded  and  B,   is  homogeneous  of  degree 
k). 

.  Each  of  the  polynomials  B,      is  invariant  under 

ad  ij  —  this  means  (over  the  real  or  complex 

numbers ) 

Bk(gX)  =  Bk(X)   for  all  g  in  the  "adjoint  group" 

We  now  make  this  precise  and  prove  the  invariance 

of  the  Bkfs  . 
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Definition:   The  adjoint  group  of  a  Lie  algebra  J$     over  the 
real  numbers  may  be  defined  as  the  analytic  group  of 
automorphisms  determined  by  the  derivations  of  J&   ] 
i.e.,  the  analytic  group  corresponding  to  the  linear  Lie 
algebra  of  derivations  of  M    .   Alternately,  it  may  be 
defined  as  Ad  G  =  [differentials  of  automorphisms  of  G] 
where  G  is  any  analytic  group  whose  Lie  algebra  is  Jj   . 
Proposition :   Over  an  arbitrary  ground  field  K  of  character- 
istic 0  ,  the  polynomials  B,(X)  are  invariant.   That 
is  B,  (X.  )   is  constant  where 
Xt  =  X  +  t[Y,X] 

=  (I  +  tad  Y)(X) 
Proof.'  We  want  to  show 

~,     B,  (X.  )  =  0  for  each  k  . 
atlt=0   K  z 

That  is,  ~r,    P(\,X.  )  =  0  (where  the  differentiation 

aLit=0      z 
is  formal).   In  other  words,  we  want  to  show  that  the 

coefficient  of  t  in  P(X,X.  )  -  P(\,X)   is  zero. 

Now  P(\,Xt)  =  det  (XI  -  ad  X.  ) 

=  det  (\I  -  ad  X  -  ad  t[Y,X]) 

-  det  {XI   -  ad  X)det(I*t(xl-adX)'1ad[Y,X] ) 

We  may  write  the  coefficient  of  t 

det(\I  -  adX)(l-t  TrUl-adX)"3^!,!])  +  t2m 

since  only  the  diagonal  terms  contribute. 
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Coefficient  of  t  is  then: 

det(\I-adX)[Tr  a(adYadX  -  adXadY)] 
(*)   =  det(\I~adX)-(tr(oadY)adX-Tr  adX(aadY) 
=  0 
where  a  =  (\I-adX)"" 
Note  1:  This  argument  goes  through  if  we  write  X.  =  |_I+tD](X) 
where  D  is  a  derivation  of  Jj    .   The  only  change  is 
that  we  get  trace  a  ad  D(X)  at   (*)  and  then  since 
ad  D(X)  =  [adX,D]  =  (adX)D  -  D(adX)  ,  again  trace  a  D(X)  ==  0 
Note  2 :   From  the  invariance  of  the  B,?s  we  get: 

1)  The  zeros  of  B-,   form  an  ideal 

2)  Bn(X)  =  0  for  all  X  in  M   . 

Definition:   The-  rank- of  Jd  -   supremum  of  all  r  such  that 
\r|P(\,X)  . 
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Let  V  be  a  vector  space  over  the  ground  field  K.   Let  T 
be  an  endomorphism  of  V,   and  a  G.  K.   As  before  we  denote  o 
=  Horn  (V,V),   and  VQ(T)  =  [y\    v  £  V;  Tv  =  0],   For  a  set  J 
of  endomorphisms  of  V  we  write  Vn(i)  =  fl  Vn(T).   For  any 
a,b  in  K,  T£  ^  we  have  shown 

Sa(ad  T)Vb(T)  CVa+b(T). 

Proposition  [Jf^ad   X) ,  Jfe(ad  X)  ]  C  ^a+b(ad  X) 

Proof   [ad  X,ad  Y]  =  ad  [X,Y]   Set  V  -  J/. 

Denote  by  ad  the  adjoint  representation  of  the  Lie 
algebra  6.   Then  (ad  ad  (X))(ad  Y)  =  ad  (ad  X(Y)). 
That  is 

ad  u  °  ad  =  ad  ° u   for  all  u  E  ad  Jy   . 
Hence 

(ad  u  -  a)p  ad  Y  =  ad  ° (u  -  a)p  Y  for 
all  uEadi^  and  YEi. 
It  follows  at  once  that 
ad  i?a(u)  C  £a(Sd  u) 
for  all  u  E  ad  xy  .   The  proposition  now  follows  from 
6a(ad  u)  ,#b(u)  C^a+b(u). 

Thus,  in  particular,  x/Q(ad  X)   is  a  subalgebra 
for  any  X  in  G. 
Notes   The  rank  of  Jj      may  alternately  be  defined  as  the 

minimum  dimension  of  -i/Q(ad  X)   for  all  X  £  J?. 
Definition.   X  £  Ju     is  called  regular  if  and  only  if 

dim  -<?Q(ad  X)   is  minimal,   i.e.,   X  is  regular  in 


P."    ,*1     -T    . 


") 
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case  rank  (Jrj  )    =  dim  Jj^iad   X) . 

Remark.   Let  *f     be  a  subalgebra  of  x/,   X  £  f .   If  X 
is  regular  in  x7  then  X  is  regular  in  f   . 
Proof   dim  ^Q(ad  X)  =  dim  TQ(ad  X  )  +  dim  (#/?•)  Q(  ad  XwJ 
The  condition  for  regularity  is  that  a  certain  polynomial 
does  not  vanishc   We  can  choose  Y  £  ^  minimizing 
both  dim  TQ(ad  Y)   and  dim  (i7/T)0(ad  Y)   separately, 
for  Y  is  to  be  chosen  so  as  not  to  annihilate  a  certain 
two  polynomial  functions  on  r  .   Thus  dim  x^-fad  Y) 
-  dim  T0(ad  Y)  +  dim  (^/^0(ad   Y)  <  dim  .3Q(ad   X). 
But  X  is  regular.   Hence  dim  x/Q(ad  X)  = 
dim  Jjq(b.6.   Y) .   Therefore  dim  ^^Cad  X)  =  rank  ?      and 
X  is  regular  in  r  . 

Lemma  1.   If  X  is  regular,  X/Q(ad  X)   is  nilpotent. 

Proof   x/gtad  X)   is  a  subalgebra  in  which  X  is  regular. 

Let   X  =  x^Q(ad  X)'   Then  ^o'ad  X)  =  ^ '      Therefore> 
dim  XQ(ad  Y)  >  dim  X  for  all  YG)/.   Therefore 
MQ(ad  Y)  =  W  l      i.e.,   (ad  Y)P  =  0  for  some  p  — 
whence  r(     is  nilpotent. 
Remark   In  fact,  ^7Q(ad  X)   is  a  Cartan  subalgebra  as 

^/n(ad(i/n(ad  X)))  -  H       Jbn(ad   Y)  C  i?n(ad  X) 
0      °^         Y£^/0(ad  X)   °  ° 

whence  XJ0(ad  M  )  =  X   where   X  =  ^aQ(ad  X). 

Let  Jo     be  a  Lie  algebra  over  an  algebraically  closed 
ground  field  K.   Let  X  be  a  nilpotent  Lie  algebra 
in  c  =  Homk(V>V) .   (The  elements  of  X   need  not  be 
nilpotent  endomorphisms  of  V) .   Suppose  \i  X     — >  K 
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is  a  linear  homomorphism  of  A   to  the  additive  group 
of  K.   Set 

MM)  -  n    \(Y]   x. 

X  X€H  MJW 

Call  X     a  weight  in  H      if  and  only  if  V^  /  0.   V^ 

is  called  the  weight  space  of  X, 

Theorem     V  =  £  V.    (direct) 

Proof   ga(ad  T)  Vfe(T)  C  Va+b(T).   For  any  X,Y  in 
X,      y£  ?0(adX).   We  have  Y  Vfe(X)  C  Vfe(X) .   The 
procedure  is  now  like  the  well-known  simultaneous 
diagonalization  of  an  abelian  family  of  diagonalizable 
linear  endomorphisms.   That  is,  we  decompose  each 
V,  (X)  with  respect  to  other  elements  of  X   etc. 
and  ultimately  arrive  at  subspaces  W   such  that  each 
element  X  of  X  has  only  a  single  eigenvalue  on 
Wa.   For  each  such  W,   let  X^(X)   be  the  eigenvalue  of 
X  on  W  —  \W(X)   is  linear  in  X.   W  =  \(X)      and 

v  =  evx(K). 


Lecture  XXII 

We  now  begin  the  classification  of  semi-simple  Lie  algebras. 
We  assume  K  is  of  characteristic  zero  and  algebraically  closed 
(although  much  of  the  following  holds  more  generally) . 

Let   K   be  a  nilpotent  Lie  algebra  over  the  field  K.   Let 
\l  y{    — >  K  be  a  homomorphism  of  ~){      into  the  additive  group  of 
K.   Let  p  be  a  representation  of  /-(   on  the  vector  space  V 
over  K£   i.e.,  p°  H   — ~>  Hom^V^V)   is  required  to  be  a  homo- 
morphism of  Lie  algebras. 

Definition   P\(^>  =  H  Vx(x)^(°^X^#   when  only  one 

nilpotent  algebra   )-(  and  one  representation  p  is 
under  discussion  we  usually  write  V.   for  pV.  ()-(). 

The  linear  functional  \     is  called  a  weight  of  /o 
if  (0\(^)  i   (0).   (^  y      is  a  Cartan  subalgebra  of 
JO    and  p  is  the  adjoint  representation 
ad.  r{   — >  Hom^t^  ^xy )   then  the  weights  are  called 
roots. ) 

The  following  theorem  is  a  direct  generalization  of  the 
theorem  of  Lecture  XXI  to  the  case  of  an  arbitrary  representation. 

Theorem   If  K  is  algebraically  closed,  then 

V  =  £  V.    (direct) 

The  space  V.   is  stable  under  p(X)   for  each 
X  E  ){ ,      and,  if  we  set  pv  (X)  =  V.  —  part  of  |o(X) 
(i.e.,  p(X)   restricted  to  V.)   we  have? 

tr  py  (X)  =  \(X)-dim  V^  . 

A. 
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ProTX)sition   For  any  X,Y  £  )-(  and  weight  \,      we  have 

\([X,Y])  =  0. 
Proof   Choose  an  eigenvector  v  £E  V.   (this  possibility- 
is  guaranteed  by  Lie's  theorem  on  solvable  Lie  algebras 
over  a  field  of  characteristic  0  and  algebraically 
closed) . 

Nowo    \([X,Y]) v  =  p[X,Y]v 

=  [p(X),p(Y)]v 
=  jo(X)jo(Y)v  -  p(Y)p(X)v 
=  X(X)\(Y)v  -  \(Y)\(X)v 
=  0 
when  \([X,Y])  =  0. 
In  the  classification  of  semi-simple  algebras  we  will  have 
need  of  a  criterion  for  recognizing  solvable  ideals. 

Basic  Lemma.   Let  Ju     be  a  Lie  algebra  (over  K)  and  p     a 
representation  of  J&      on  the  K-space  V.   Assume 

tr  p(X)(o(Y)  =  0 
for  all  X,Y  in  Jfj . 

Then  p(X)   is  nilpotent  for  each  X  in  \_Ju  ,Jj]. 
Proof.   Choose  an  element  X'   in  \_fc  th~\      such  that 
dim  Vq(d(X'))   is  minimal;  i.e., 

dim  VQ(p(X*))  <  dim  VQ(p(Y))   for  all  Y£  iJtf  ,&] 
and  also  require 

dim  [^,^]Q(ad  X*)  <  dim  [AJ/]Q{ad   Y)   for  all 

Y£  l£,Jbl. 
(This  is  possible,  as  we  need  only  pick  X'   on  the 
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complement  of  the  union  of  two  hypersurf aces. ) 

Set  X  =  ^&0(ad  X*l.   As  XV  is  regular  in  the 

derived  subalgebra   [i7,>&]  we  know  that  \_Jj ,i?3Pl>( 
is  a  Cartan  subalgebra  of   [x/,^3.   Set  x^  = 
^  (ad  XV)   for  a  £  K.   Then 


a£  K     a 
We  know,  also" 

i)  t VpJ  c  A+P 

2)  i^0  =  X 

3)  CAinnX'  is  spanned  by  iJf^Jf^l 
and  [)/,)/]. 

We  set  the  following  lemma  off  because  of  its  importance 
for  what  follows  now  and  certain  considerations  later. 
Lemma.   Let  X  £  Jo         X   £  Jv-     and  set 

\As  \Jr  \A/  \~Aj 

\  =  [Vx-«]- 

For  any  weight  X  of  the  representation  p 
where   Y\    is  a  rational  number. 

CO 

Proof.      Set     W  =       £      V\+na*      W     is   stable   und©r 

n=~co 

p(Xa)      and     p(X_a)      (p(Xa)5   VA->  V^) . 

The  trace  of  p(h  )^  is  given  by 

tr(p(ha)w)  =  tr[p(Xa)w,p(X_a)w]  =  0. 

On  the  other  hand  we  have* 

0  =  tr(p(ha)w)  =  S  tr(p(ha)) 

=  dim  V,.   .  [\+na](h  ) 


r  ' 
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from  which  the  result  follows  immediately. 

Now; 

tr  p(ha)p(ha)  =  trf(ha)2 

"  ?  tr  P(ha>l 
A.  A. 

=  \(h)2  •  dim  V. 

(X  A, 

=  (E  If2  •  dim  Vx)  a(ha)2 
A. 

=  0. 
Since   (E  Y\  dim  V.  )   cannot  vanish  (characteristic 
K  =  0)   it  follows  that  a(h  )  =  0  and  thus" 

\(h  )  =  0  for  all  \. 
Therefore,  p(h  )   is  nilpotent.   From  the  proposition 
above  we  see  that  \(h)  =  0  for  any  weight  X  and 
element  h  £  Oi,")r]  and  thus  p(h)   is  nilpotent 
for  hEW.M]. 

We  see  that   XH[^,a/]   is  spanned  by  elements 
[X.  }  for  which  p(X. )   is  nilpotent.   Thus  /o(X)   is 
nilpotent  for  all  X  in   XfU>&,>&].   But  x*  G 
Xn  [>&,>&]   and 

dim  V  =  dim  VQ(p(X*))  <  dim  VQ(p(Y)) 
for  all  Y  <E  [/&,>].   Therefore  VQ(p(Y))  =  V  for 
Y^  [i/,i/]  and  p(Y)   is  nilpotent  for  all 
Y  £  Ci?,^/].   This  concludes  the  proof  of  the  Basic 
Lemma. 
Corollary.   If  tr  ad  X  ad  Y  =  0  for  all  X,Y  £  \Jj  Jj"i 
then  the  Lie  algebra  AJ    is  solvable. 


) 
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Proof,  We  apply  the  lemma  to  the  Lie  algebra  [Jfj  ,}j~\ 
and  the  representation  p  =  ad  Ju  .   Thus,  p(X)   is 
nilpotent  for  all  X  £  [[  J?,#],  iJ? ,$]]   =  ^(2)'   Thus 
;&(2)      ^s  nilpotent.   Thus  Ju     is  solvable. 
Definition. 
Recalls 


where 


det  (\-ad  X)  =  P(X,X)  =  E  Xn°kB,  (X) 

k      K 

B0     is  a  quadratic  form  on  Jl   (B9  -  E  X^X-' 

B,   is  a  linear  form  on  J3    (B,  ■  E  X. )  . 
We  use  the  name  Killing  form  (a  fundamental  quadratic 
form)   for  tr  (ad  X)2  =  E  X?  -  l/2(B2  -  B2) .   The 
polar  form,   tr  ad  X  ad  Y,  is  called  the  fundamental 
bilinear  form. 
Theorem.   The  Lie  algebra  Jj     has  no  radical  if  and  only 
if  its  fundamental  bilinear  form,  tr  ad  X  ad  Y  is 
non-degenerate. 
Proof  Assume  that  tr  ad  X  ad  Y  is  non-degenerate. 
Let  Of     be  an  abelian  ideal  in  Jy '.   For  any  X     in 
Ju    and  Y  in  Of    we  have 

ad  X  ad  Y  (if)  C  0{  , 
whence   (ad  X  ad  Y)2  =  0.   Thus  tr  ad  X  ad  Y  -  0. 
It  follows  that  Y  =  0. 

Let  J?  =  (Y;  YE/&  and  tr  ad  Y  ad  X  =  0  for 
all  Xei?}.   Set  B(X,Y)  =  tr  ad  X  ad  Y.   B  is 
invariant  under  the  adjoint  representation,  i.e., 
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for  all  X,Y,Z  £  Jb     we  have 

B([Z,X],Y)  +  B[X,[Z,Y]]  =  0 
(this  can  be  seen  directly  by  looking  at  matrix 
representations  of  ad  X,  ad  Y,  ad  Z) . 

This  guarantees  that  JJ       is  an  ideal  in  J3 , 
Moreover,   B(X,Y)  =  0  for  X  and  Y  in  T\  .   By  the 
Basic  Lemma  LJJ  9JJ  1     is  nilpotent,  whence  7(      is 
solvable*   Hence  7?   is   (0)   and  tr  ad  X  ad  Y  is 
non-degenerate. 
Exercises 

1.  If  yv  is  semi-simple,  then  \_a) 9/U~\   -  J/ . 

2.  If  /v   is  semi-simple  and  D  a  derivation  of 
a? ,      then  there  is  an  lEi/   such  that  D  ■»  ad  X. 


Lecture  XXIII 

Let  JO    be  a  semi-simple  Lie  algebra  over  K.   Consider 
ads  JO   — >  HomK(^y,Jy).   Let  X  be  a  Cartan  subalgebra.   The 
weights  for  the  adjoint  representation  of  A   on  the  under- 
lying vector  space  of  J\3     are  called  roots.   We  have 

i^=  Z   3         (direct) 
and  the  x^7   are  called  root  spaces.  We  list,  in  this  lecture, 
some  of  the  fundamental  properties  of  this  decomposition. 

Proposition  1.   The  restriction  of  B  =  tr  ad  X  ad  Y  to 
AxK   is  non-degenerate. 
Proof.   [^,A]C:i/+flo   Hence,  for  1    £  i?   and 

U  *     p  <X"rp  *  (X         (X 

Xg  E  x^g  we  have" 

ad  Xa  ad  Xp  :JtY—. >^y+a+p  . 

Then   (ad  Xa  ad  Xp)nj7   C  -#  y+n(a+p) '   In  case 
(a+p)  ^  0  we  know  that  there  is  an  integer  n 
such  that  Y+n(a+p)   is  not  a  root;   and,  therefore, 
(ad  Xa  ad  Xg)n  =  0.   Thus  tr  ad  X  ad  Y  =  0  and 
B(^a,Aj)  =0  if   (a+p)  f   0.   Setting  a  =  0  we 
get  B(/t/Q   -  X,i?e)  =  0  provided  p  i   0.   If  an 
element  hQ  £E  ^l   is  perpendicular  to  every  element 
of  ")-(    (ice,,   B(hQ,H)  =  0)   then  B(hQ,i/)  =  0  and 
hQ  -  0. 
Proposition  2.   The  number  of  linearly  independent  roots  is 
the  dimension  of  /-(  » 
Proof.   For  h  £E  }\     we  know  ^<y   is  invariant  under 
ad  h.   Furthermore  the  formula  for  the  trace  of  ad  h 
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in  a)        is 

a 

tr(ad  h) jL     =    (dim  X/  )a(h). 
For  h,k  (~  }^  we  have 

B(h,k)  =  tr  ad  h  ad  k  -  E  (dim  J?  )a(h)a(k) 

~/  a 

because ,  since  X      i-s   solvable,  we  may  write 

(with  respect  to  some  basis  for  ad  JO ) . 


/  0 


u 


a 


\  - 


1°: s 

o 


\ 


I 


MM 


O 


ad 


Now,  if  the  number  of  linearly  independent  roots  is  less 
than  dim  ri   (as  the  roots  are  linear  functionals  on  A 
„..th-e— number  of  independent  roots  is  less  than  or  equal 
to  the  dimension  .^ojf"  rfJ   which  is  equal  to  the 
dimension  of  )-(  )   then  there  exists  an  element  Yiq 
such  that  athg)  =  0  for  all  roots  a*   From  the 
formula  above  we  see  B(hQ5H)  =  0,   and  (by  Proposition  l) 
h0  =  0. 
Proposition  3.   The  algebra  }{     is  abelian. 
Proof.    a([h,k])  -0  for  all  h,k  £  X  . 
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Proposition  4»   For  any  root  a   let  h   be  defined  by 


B(ha>h)  =  a(h)  . 
Then,  for  any  X_a  £  % _a,      \   £  \     with   [h,Xa] 
-  a(h)Xa  we  have   [X^X^]  =  B(Xa,X_a)ha. 
Proof.    B([Xa,X-a],h)  =  »B(X-a,[Xa,h]) 

"  B(X~a>a(h)V 
=  a(h)B(X  ,X  ) . 

Also,   B(B(XaPX^a)ha,h)  =  a(h)B(Xa,Xoa)   and, 

since  B  is  non-degenerate  we  get 

[X  ,X   ]  =  B(X  ,X  )h   . 

ap  -a       a'  -a  a 

Remark.  We  prove  below  that  dim  Jj     =1  if  a  f   0.   Then 
X   can  be  replaced  by  any  scalar  multiple  of  X   in 
the  formula  and  we  obtain 


CVX-J  ■  B(Xa>X-a>ha 
for  all  Xa  £  4,   X=a£i/=a. 

Proposition  5.   If  a  is  a  root,  then  -a  is  also  a  root. 

If  k  is  an  integer  then  din  Jfy.       is  0  if   |k|  >  1 

and  dim  Jy     =  dim  Ju       =1. 

Proof. 

1)  If  a  is  a  root,  then  J3     f   0.   Hence 

B(^a>  J)*)    =  0  if  p  f   -a  implies  ^_a  f   0,   lest 

B(j&a,Jb)  =  o. 

2)  Given  the  root  a,  we  take  X  £  x/   such  that 


[h,Xa]  =  a(h)Xa    for  all  h  £  >/, 
Let  X   E  ,#_„  be  chosen  so  that  B(X  X  )  ^  0. 
Then  h?  =  [XX]   is  in  X   and  since  (3(h?) 

LX  \Aj 
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is  a  rational  multiple  of  a(h  )   for  all  roots  p, 
a(h  )   cannot  vanish   (h   is,  by  construction,  not 
equal  to  zero) , 

Now  consider  the  space 

00        A 

V  =  KXa  ©  X  ©  ^  i/_ka  • 

V  is  invariant  under  ad  X>   ad  X   ad  X_a.   We  have 
tr  (ad  h?)y  -  tr  [(ad  Xa)v>  (ad  X_a)v]  -  0 


a(h') (1  +  0  -  E  k  dim  ^  .   ) 


,  ka 

k=l 


As  a(h?)  4   0  we  must  have   (1  -  £  k  dim  M  ,  )  =  0 

k=l        ~ka 

which  implies  dim  <&       "  1*   dim  -^lka  =  °  ^or 

k  >  1.   By  reversing,  the. , role  of  a  and  -a  we  get 

the  result  requested. 

Proposition  6.   If  Jo     is  semi-simple,  then  Lav  ,Jo~\   =  JO • 

Proof.   Let  Z^i.   Then  B([^,^/],Z)  =  0  implies 

B(X,[Z,Y])  =  0  for  all  X,Y£^$.   This  in  turn 

implies  [Z,Y]  =  0  for  all  Y  and  thus  Z  =  0. 

Thus  the  orthogonal  complement  of  [x/,x/]   is   (0) 

ana  [/^]  =  Jt. 

Proposition  7*   Set  f>  qR   =  largest  positive  integer  k 

p'    such  that  (3  +  ka  is  a  root. 

fa  a   =  largest  positive  integer  k 
Ps    such  that  p  =  ka  is  a  root. 


Th 


en  p(ha)  =  1/2 (rp   -  qp   )  a(ha)   and  P  +  ka   is 


a  root  for  -f0       <  k  <  q0 

p,,a  —   —  |3,a 

Proof.   Let  s  and  t  be  a  pair  of  integers  with  s  <  t 
and  such  that  6  +  k   is  a  root  for  s  <  k  <  t  but 
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not  for  k  -  s-1  or  k  =  t+1. 

Consider  the  space  W,   stable  under  ad  X   and 

ad  X  ,   defined  bys 
~a         t 

k=s   ^+ka  ' 
We  have  s 

0  =  tr[(ad  Ia)w,(ad  X_a)w]  =  tr  (ad[Ia,I_a] )w 

-  tr  (ad  h  )„  -  E  dim  %  .    [P+ka](ha) 

K~S 

=  X      [|3+ka](h  )  . 


k=s         a 


Thus 


(t-s+l)|3(h  )  -  ~[s+(s+l)  +  (s+2)  +  ,:  ..  +  (s+t-s)]a(h  ) 

=  =[(t-s+l)s  +  i(t-s)(t-s+l)]a(h  ) 

ft*  CX 


=  -(t-s+l)[s+  i(t-s)]a(h  ), 


whence, 


|(ha)  =-i(s+t)a(ha)  . 

Given  another  such  pair  (s  ,t  )  we  cannot  have 

a)  s  <  s  and  t  <  t  ,   for  then 

(s+t  )  =  s  +  t  s 
by  the  above  argument,  and  this  is  a 
contradiction  to  s  <  s„ 

b)  s  <  s  and  t  <  t,   for  then 

(s+t  )  =  s+t, 
and  t  =  t  ■  „ 

c)  s  <  s   and  t  <  t  ,   for  then 

(s  +t)  =  s+t, 
and  s  =  s. 
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d)   s  <  s   and  t  <  t,   for  then 
(s+t  )  =  s+t 
and  t   =  t. 


?   ? 


Thus,  the  only  possubility  is  that   (s  9t    )  =  (s,t) 

=  (-F0   »Qo   )   and  the  roots  of  the  form  3  +  k 

lie  in  a  connected  string. 
The  restriction  of  the  fundamental  bilinear  form  B  to  a 
is  non=degenerate  and  hence  induces  a  bilinear  form  on  the  dual 
space   X'.  Explicitly,  for  X   £  X ' ,     w©  define  hu  £~  H      by 

B(hx,h)  =  \{h)       for  all  h£)/. 
We  set  <  \,X?>  =  B(hx,hx?)  =  \(\0  =X?(h^)   for  \,A.?   in  >{*. 
Proposition  8.   Let  a,  (3  be  roots.   Then  <  (3,a  >  is  a 

rational  number . 

Proof.   <  a, a  >  =  B(h  ,h  )  =  tr  (ad  h2 )  -  E  fl(h  )2. 
'         cr  a  a  r,  a 


I   p  (r(3,a  "  q(3,a  >  ' 

which  is  a  rational  number   (<  a,  a  >  is  not  zero 

for  then  a(h  )  =  0  and  (3(h  )  =  i(r    -  q_   )«(h  ) 

a  K  a    2   (3, a    (3, a    a 

is  zero  for  all  (3).   As 

2<  ^r^  >  =  r    -  q 

<-«,«>     (3,  a   n(3?a 

is  rational,  the  result  follows. 
Let  Xq  be  the  vector  space  over  the  field  of  rational 
numbers  Q  whose  elements  are  all  linear  combinations  (with 


XXIII  -  7 

rational  coefficients)  of  the  roots.   By  virtue  of  Proposition  g 

we  know  that  B  induces  a  non-degenerate  bilinear  form  on  H  I. 

Proposition  9«    dimn  H~  =  dim^  H'^ 

Proof.   Take  a  basis   fa-.  ,a? , . .  .  .aj*)     for  X    with 

each  a-   a  roots   An  arbitrary  root  $  may  be 

written  S  c-a.   with  c.a.   with  c-  £  K. 
i=l  x  x         x  1         x 

Now, 

<  tB,c.  >  =  S  c .  <  a.  ,a  .  > 
J     i=1  i    i  j 

and  as  <  3, a.  >  and  <  a. ,a.  >  are  rational  for 

•j  <j 

i  =  1,2,...^   and  any  j  and  det  (<  a.  ,a.  >)   is 
not  zero  we  may  use  Cramer *s  rule  to  conclude  that  c 
is  rational  for  i  =  1,2,...,^-  > 
Proposition  10.   Let  a, (B  be  roots.   Then 

Proof.   If  c:+p  is  not  a  root  we  have 

whence      Ov^,^]  =  ^a+p   • 
If  c+p  is  a  root  we  consider  the  space  W  =  T,  </„+£& 


k 
and  compute  tr  ad[X„.  ,J  „].   It  results  that   [^  ,xfR]  ^  °* 

Proposition  11.   If   c  (~  K  and  a  and  0  =  cc  ■  are  both 

roots  then  c  =  +  1. 

Proof.  /  v  "s  =  ■  ■>  7V  v 

whence ,   c  is  a  half  integer. 

Moreover ,   c:  =  c"  B  and  thus 
<  aj  >    c"1^.  BJL  > 

«r  X-  '•"  m^c  ■»— » — »     zz      ' — * — ■ — y«J" — *■  -w-^»fc=^r  -■■■  » 
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one  of  c  and  c™   is  2.   The  latter  possibility- 
has  already  been  excluded  (see  Proposition  5). 


Exercise  s   Prove     £  <  a,  a  >  =  dim  X     =  rank  Ju   . 

all  a 

Hint  (consider  the  matrix  <  j3,a  >,   all  roots  a  and  (3). 


Lecture   XXIV 

In  this  lecture  we   discuss  the   representations  of  the 
three-dimensional   simple   Lie   algebra.      This  will  prove  useful 
in  the   classification  of  semi-simple   algebras,    and  it   is  of 
great   importance   as  an  example   for  the   general  theory  of  repre- 
sentations. 

Let       i      be   the  three-dimensional  Lie   algebra  with  genera- 
tors    h,    e+,e_     and  structure   defined  bys 

[h,e+]   =  ae+ 
[h,e    ]   =  -ae 

for  any  element  a  of  K  with  a  ^   00  A.      ~   Kh  is  obviously 

a  Gartan  subalgebra.   A  direct  computation  of  B  shows  that 

en — ■ 
it  is  a  non-degenerate  form,  and  hence,   I       is  semi-simple. 

We  may  then  write   \      as  a  direct  sum  of  simple  ideals;  but 

since  a  simple  Lie  algebra  is  of  dimension  at  least  equal  to 

three,  we  see  that  there  is  but  one  simple  term  —  i.e.,°T"/s 

itself  a  simple  Lie  algebra.   We  will  prove  the  following  basic 

lemma  concerning  representations  of  ^7" '. 

Lemma .  Let  o%    j     — ■ >  HomK-(V,V)  be  a  representation  of 

/   on  the  finite  dimensional  vector  space  V- 

over  K.   Let  V  =  £  V,   be  the  decomposition  of 

V  into  weight  spaces  with  respect  to  r(  .   Then 

Mh)   is  a  rational  multiple  of  a.   Let  /\   be 

the  weight  such  that  a""  A  (h)   is  maximum  among 

the  numbers  a"*  Mh).   Set  f\  (h)  =  ma.   Assume  p 
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is   irreducible.      Then     dim  V\    ~  1     for  all     \     and 

dim  V  =  2m+l.      For  any     Vq  £Va     we    set     v,    * 

[p(e_}]  Vq     and  then 

p(e+)p(e_Jvk  =    (k+l)(m-k/2)avk 

=   [(k+l)m  ~  l/2k(k+l)]avk. 

Conversely,    if     dim  Va     =1,  p(e_)   Vx     f  0,      and 

p(e+)VA    =e(eJt+1VA    =0,      then,      ^Q^/\.ka     ^ 

an  irreducible   representation  module. 

Proof. 

A)  We  begin  by  showing  that  Mh)   is  a  rational 

multiple  of  a.   Set  a(h)  -  a. 

Let  W^    be  the  subspace  of  V  defined  bys 

W,    =  £  V,  ,,  . 
,a   k  *,+*Ca 

The    space     W,  is   stable   under     /o(e+)     and     p(e_). 

We   have 

tr  p(h)   =  tro[e+,eJ   =  tr[/o(e+),p(e_)]   =  0, 
On  the   other  hand, 

tr  p(h)   =  £   (dim  V^+ka )[\+k«] (h) . 
Thus, 

Mh)  =  Pa(h)  where  r   is  a  rational  number. 


If  we  assume  /o  irreducible  we  have,  here, 


W,    =  V. 

B)  We  now  prove  the  formula 


/o(e+)p(e_)v  =  (k+1) (m-k/2)av. 
Let  Vq  G[Va   be  different  from  zero.   Define  vectors 
{v,  }   for  k  =  0,1, ...   by 


vk  =(o(e_)kvQ. 
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For  k  =  0  we  get  t 

that  is,  p(e+)v-,  =  mavQ. 

For     k  =  1     we   have  t 
p(e+)p(eM)v1  =   {p(h)   +  ^(e_)p(e+)}v1  =   { (m-l)a  +  majv-^ 
then,     p(e+)v2  =*    {(m-l)a  +  m(a)}v^. 

At  the   k       stage  we   get, 
p(e+)(o(e_>)vk  -    fp(h)    +  p(e_)f (e+)  }vk 

-    {(m-k)   +  k(m  -fej3J)}avk 

=  (k+l)(m  -  k/2)avk0 
C)  Thus  p(e+)p(e_)   has  the  eigenvalue   (k+1) (m-k/2) 
if  vk  is  not  zero.   As  V  is  finite  dimensional 
we  conclude  that,  for  some  k,   vk  =  0  but  when 
vk  {-   0  and   (k+1)  (m-k/2)  /  0  we  know  vk+1  /  0. 
It  follows  that   ( k+1 )( m-k/2)  =  0  for  some  k  = 
0,1,2,.,.  o   This  means  m  =  k/2  is  a  half-integer. 
Set 

d  =  sup  {k|vk  /  0} 

and  let  W   be  the  subspace 

d 
W  «  Z     Kv,  , 
,         k=0   K 
¥   is  stable  under  p(e  )  and  p(e_)   and  hence 

under  p(h).   Because  V  is  irreducible  we  haves 

1        d 

V  =  £  Kv, 
k=0   K 

and  d  =  2m,   Thus  each  weight  space  is  of  dimension 
equal  to  1  and  dim  V  =  2m  +  1.   This  proves  the 
lemma  for  the  case  that  p  is  irreducible.   The 
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formula  of  B  is  valid  under  the  hypothesis 
dim  V^  =  1,   f>(e+)VA  =(0(eJ2m+1V^  =  0, 

(°(e~)  ^A  f  &•      ^  follows  from  these  formulae 
that  V  is  irreducible. 

We  apply  the  formula  above  to  the  case  of  the 
adjoint  representation  to  get  the  following s 
Proposition.   Let  a     be  the  root  corresponding  to  the 
adjoint  representation  of  (}      i.e.,   a(h)  =  a. 
Let  /ck    =  sup  [n;  A.+na  is  a  weight} 
r,    =  sup  [n;  X.=n«  is  a  weight} 
Then 

1)  (0(e+)p(ejvx   -  l/2(l+qx#a)rx^avx 

2)  p(ejf>(e+)v^   -  l/2(l+r^a)q*;aavx 
where     v.   £V,    . 

Proof.  We  write  \  =  /\   -  ka  and  then 

*\,a   =  k 

r\    =  2m  -  k 
A., a 

The   result  follows  now  directly  from  the   lemma  above. 
Corollary.      Let    Jy     be   a  semi-simple   Lie   algebra  and 

a 

the  decomposition  of  M     into  root  spaces.   Let 

a     and  (3  be  roots  and  let  /   be  the  3- 

dimensional  subalgebra   /   =  fX  .X  , h  }.   Let  /O  be 

the  adjoint  representation  of   /   on  V  =  E  x/   .  . 

k    (3+ka 

Applying  the  result  of  the  above  proposition  we  haves 
[X-a'[W]  "  ^2(1  +  r    )q    <  «.«  >  ^. 
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provided    p     is  irreducible.      This  will  be   the   case 

except  when     a   +   8   =  0     and  we   have      V  =  £  Jf?n.y 

H  k   (3+ka 

>t/n  +  X7   +  ^y   having  invariant  subspaces 

X7    and  J/   for  example, 
-a       ^a         r 


Lk 


Lecture  XXV 

Let   tpTjpO' ' * *>P]}     ke  a  fixed  basis  of  the  vector  space 

it: 

1 


H  n.  With  respect  to  this  basis,  we  introduce  a  lexicographic 


ordering  in  n.  r\»      i.e.,  we  say  that   £  c.p.  =  p  >   0  just 

in  case  the  first  non-vanishing  coefficient   c.  is  non- 

j 

negative.   Note  that  /o-,  < /02  and  c;  <  o"^>  implies  Pi    +  °\ 

<  Pa  +  "a- 

Definition.   A  positive  root  is  called  simple  if  it  cannot 
be  written  as. the  sum  of  two  positive  roots.   We 
denote  by  "fT  tns  set  °^  simple  positive  roots. 

Proposition  1 

1)  If  a,  (3  £  TT  and  a  ^  0  then  a   -  j3  is  not  a 
root, 

2)  Under  the  same  hypotheses  we  have  <  a, (3  >  <  0. 


3)  TT  is  a  basis  for  )-(  0  (over  Q)  and  each 
positive  root  a     can  be  written  as 
a  -   £    m.a. 

«±£  TT   Z1 

with  m.   a  non-negative  integer  for  each  i. 
Moreover,   a  -  a.   is  a  root  for  some  a-  $l  T"f". 
Proof. 

1)  If  a  -  (3  were  a  root,  we  would  have  either 
a-(3  or  (3  -  a  a  positive  root.   Say  V  =  3  -  a 
is  positive.   Then  (3  =  Y  +  a  and  (3  is  written 
as  the  sum  of  two  positive  roots, 

2)  By  virtue  of  1)  we  have 

2<  3.g  >  _  _       ^  o 

>  H'"  '  v  =  rQ   =  q0   =  -qQ   <  0. 
<■  a, a  >     p,a    p>a     P>«  — 


_ 


N 
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Since  <  a, a  >  >  0,   it  follows  that 

<  (3, a  >  <  0. 
3)  We  first  prove  the  following : 

Lemma .   Let  S  be  a  subset  of  k  positive  elements 
in  y[n     such  that 


0 


<  (0^,(0-.  >  <  0 


3 
for  all     (0.,/0.     in     S     with     /O.    ^  /O  . .      Then  the 

elements  of     S     form  a  linearly  independent   set. 

Proof.      In  the   contrary  case,   there   is  an  element 

/o  £S     which  can  be  expressed 

S  k 

iO=     E     \ .  p.   —        £       \  .p  .    . 

"  i=l       1"1  J-B+l       J" 

where     A..,\.     are  >  0,      the     p.      run  over  all 
i     J  —  l  i 

elements  of     S,      the   coefficient  of    p     on  the 

right-hand  side   is   zero,    and,    say,      k-i   >  0. 

Then 

S  S 

<  /).    E     X..O.    > 


/O,    E     A,. p.    >  =     E     \.<  /0,/0.    >  <  0. 
V     i=l     ^  1  i=l     x     l    l  1 


On  the   other  hand, 

S  k  '     S  \ 

E     A../0.    —     E     A.  ./O  . ,    E     \.p.    / 

i-i    ^X     s+i    ^i=i    tf1' 

S  S  \ 

EX.. p.,    E  \.p.  \      =     E  A..A..</O..o.> 

i=i  1"1  i=i  HV      i<i<s      x  J    "x  ^ 

S+l<j<k 
and  this  is  definitely  positive,  since  it  is  a 
sum  of  non-negative  terms  the  first  of  which  is 
greater  than  zero   (B  is  positive  definite  on 
/(q).   This  proves  the  lemma. 
We  can  now  prove  3).   We  assume  the  positive  roots 
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arranged  in  order  and  proceed  by  induction. 

Assume  3)  has  been  proved  for  all  positive  roots 
less  than  the  positive  root  (3.   Suppose  it  is  the 
case  that  (3  -  ex  is  not  a  root  for  each  a  £  TT* 
i.e.,   r    =0  for  all  a  £  TT-   Thus, 

and  the  set   {(3SUTT  is  seen  to  be  a  linearly  inde* 
pendent  set„   Now  (3  is  not  simple  (else  there  is 
nothing  to  prove)  so  we  write   j3  -  (3-,  +  (30  with 
and  (32  both  positive  roots.   By  induction  (3  ■ 
6n  +  So  =    £   m.  a-   with  m.  >  0.   Hence,   if 

M^  TT  "then  j3  -  a  is  a  root  for  some  a  <£  TT  — ' 

(3  -  a  must  be  positive  if  it  is  a  root,  since  a  is 
simple. 

Proposition  2.   Let  x)      be  the  subset  of  X7  consisting 

of   [h  ,e  ,e  |  a  £  IT  and  B(e  ,e   )  =  l}.  The 
a9    a9   -or      '  '  a*  -or 

smallest  subalgebra  of  Jj     whif>h  contains  sO      is 

Jj     itself. 

Proof.   Given  any  positive  root  (3  there  is  a  ohain  of 

simple  roots  a-.  ,a2>  •  •  •  >aT     (not  necessarily  distinct) 

such  that 

r 

aVa1 +a2,al+a2+aV  * "  * '   ^     ai   =  P 

are  all  roots.      Then 
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Thus  each  root  space  is  in  the  span  of  ^f     and 

j\      is  even  in  the  linear  span  of  XJ   .   This  proves 

Proposition  2. 

Let      [a-,  ,a2,  •••>ao  1    ~  TT«      Consider  the  matrix      (A.  . )     where  s 

2<  a.., a-    > 
ij  <cei,ai  >  =qa.,a^  <  0   . 

The  matrix   (A.  .)   is  called  the  matrix  of  Cartan  integers  of 
aj  •      In  the  following  lectures  it  will  be  shown  that  (A. .) 
determines  the  structure  of  J-3     and  we  will  classify  those 
matrices  which  arise  as  matrices  of  Cartan  integers. 


Lecture  XXVI 

We  devote  this  chapter  to  the  proof  that   (A.  .)   determines 
the  structure  of  Jj  .  We  begin  by  showing  how  the  Cartan  integers 
determine  the  set  of  roots. 

i 

Definition.   Let  p  =  £  m.a.   be  a  positive  root,  i.e., 

i-1  x  1 

m.   is  a  non-negative  integer  for  i  =  l,2,...,i.  We 

define  the  order  of  p  by 

i 
order  of  p  =  0((3)  =  £  m.  . 

i-1  1 

Proposition  1.   Given  a  system  of  simple  roots  TT  = 

[op...,o«]  and  the  Ai  matrix  of  Cartan  integers 

(A.  .),  the  set  of  all  roots  is  completely  determined. 

Proof.   The  elements  of  order  1  are  all  roots  —  in  fact, 

simple  roots.   Suppose  that  we  know  all  positive  roots 

a  such  that  0(a)  <  k.   Let  (3  be  a  positive  element 

with  0(0)  -  k  +  1.   Then,  if  p  is  a  root,  there  is 

an  a.   such  that  Y  =  p  -  a .   is  a  root  of  order  k. 

If,  for  each  i,   |3  -  a.   is  not  a  root  then  p  is  not 

a  root.   If,  on  the  other  hand,  we  can  write  p  -  a.  - 

Y  as  a  root  of  order  k  the  question  of  whether  or  not 

p  =  o  +  a.   is  a  root  is  the  question  as  to  whether  or 

not  qv     is  non-zero.  Writing 
9   5. 
2<Y,a±  > 

<  ai?ai  >  "  rY,ai   "qY,«i 

and  observing  that  rY  is  determined,  once  we  know 

o  ,a^ 

all  positive  roots  a  of  order  0(a)  <  k  -  1,  we  see 

that  qv    is  computable  inductively. 
a,a^ 
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Thus  the  Cartan  integers   (A.  .)   for  the  system  of  simple 
roots  TT  =  k,...,Oi]   tell  us,  for  any  roots  a  and  (3,   the 
values  of  rR    and  qR  .   By  virtue  of  the  formula* 

P  3  *  P  >  ^* 

i  o 

<  a, a  >  =  g  'rp\a  ~   q(3 ,a' 

we  have    <  a, a  >     determined.      Then  using 

2<   g.a  >  .  _ 

<   a, a  >  p,a  "   q|3,a 

we  read  off  <  (3,a  >.   Thus  the  Cartan  matrix  (A.  ,)   determines 
the  Killing  form  on  a    and,  hence,  on  /-(. 
We  now  prove  the  fundamental 

Theorem.   The  Cartan  matrix  (A.  .)   (together  with  TT  ) 
determine  the  structure  of  Jj . 
Proof.   Set  e-  =  e„   and  f,  s  e  „  .  For  each  positive 

root  p   choose  a  sequence  a., a.  , ...,a.   of  elements 

s  h ■  l2      lk 

of      such  that  6Q  =  £  a.    is  a  root  for 

For  convenience  we  write  ^XkXk-=l*  '  *X1^  for  ^k^^k-l^*  *  *  ^X2*^l-' 
. . • ].   Then  set 

p     1k    11 
e  q  ■"  l  x  •  .  •  .  i .  j  . 

The  elements   (h  ;efl,e  Rl   form  a  basis  for  the  underlying 

aj_  P  ~P 

vector  space  of  //,   To  show  that  Jy     is  determined  by   (A.  .) 
we  need  to  show  that  the  structure  constants  with  respect  to 
this  basis  are  so  determined. 
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Proposition  2.   Let  eQ  -  Ce.  .  . .  e .  ]  and  let  cr   be  a 

P  xk  xl 

(fixed)    permutation  of  the   indices      {l,...,k}.     Then 

L  e  •  .  .  c  e«  J    —    c/~ eQ 

V(k)        V(D         ^ 

where  c_   is  a  rational  number  and  is  determined  by 

o"~  'and  the  Cartan  matrix   (A.  .)  • 

Proof.  We  argue  by  induction  on  k.   Having  conceded  the 

case  k-1,  we  assume  the  Proposition  proved  for 

k<  £-  1     and  let     (3   =   [e.    .  ..£,    ]. 

H  xl 

Case  1     Assume     <T  (J,)    =  j£ .      Then  write 

$  -  a*   +     £     a.      =  a/?  +  (3    . 
*        S=l     1S         ^ 

We  may  assume  that 

€q  *    "~   l  e  •        e  •         •  •  •  e  •    j    » 
P  V-l  V-2  Xl 

Then  the  result  for     k  <  J.  -  1     gives 

L  e  •  e «  •  o «  e  •    j   —   c-i  e0  ? 

V  tf-1)    1cr  tf~2)  11  X  p 

and  c-,   is  a  rational  number  which  depends  on 

(A.  .)   and  the  permutaticn  o~  (actually  on  the  re-  ~ 

striction  of  0"   to   {l,2, . . . ,  Ci-l)  }) .  We  then 

have« 

[V  {JD'-e<r  u)]  =  [ei>[V  (/-D---V (2)]] 

■  cy-eJs^-eJ-l' '  *el -^ 

clep* 
Case  2.  We  assume  2  f  fT  {i) .      Then  write 

Le-     ,  • ,  en.     ]  =  [e.     .  .  «  e .  . . .  e •    •  ]• 

V(i)   V(D    VU)   *   V(D 

t 

It  may  happen  that  not  all  partial  sums   £  a.     , 

s-i  V  (s) 

t<^£.      are  roots.   In  this  case  [e.     ...e*     ] 

VM)   V(D 
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-  0  and  we  set  c^_  =0  —  as  this  phenomenon  is 
determined  by   (A.  .)  ,  we  are  done  in  this  case. 

We  assume,  therefore,  that  all  partial  sums 

t 

£  a.     ,  t  <  >c,   are  roots;  i.e., 
S-l   V(S) 

[e.      . . .e.      ]  4   0. 

VU)   V(D 

Now,  we  may  write 
Lj-'.jLe*     •  • »  e  •     J  J  """  L  e  •     .  ..x«e*  e__. .  •  e  •     j 

v    V(ii     V(d        vw     v1^     V(d 

[since  [f.  ,  e-  ]  =  0  when  k4J   [a.   -a.   is  not 
a  root)  we  have  ad  f .  .  ad  e.   =  ad  e.   ad  f.   + 

H        xk     xk    xi 

ad  [f.  , e.  ]  =  ad  e.   ad  f.  ].  Appealing  to  the 

Corollary  of  Lecture  XXIV  we  have 
[e_.  „f .  e_.     ^^^j    ».  .e_.     ]  = 

H-HJbxrU)         1        V(D 

2  V(/)   V   V(D 

with  c2  a  rational  number  determined  by  o~~   and 

(A..). 

Similarly 

Cei/i|V--e<r{i)]  =  C3CV"V(D] 

and  neither  c^  nor  c~  is  zero. 
Then 

C/}i_e«      •  .  .  e  •  •  •  »  e  •      j 

2  V(i)   ^   V(D 

*"  l  s  •  j.  •  e  •     • »  •  e  •  •  »  »  e  •      j 

H  H   VU)    xi   V(D 


-  c0Le.  e_./^\...e.     e.    ...e__/-,\] 

3  i^  cr(i)    i(y+2)  i(y)    <r(l) 


Thus 


L  e  ■     • .  •  e  •     J  —  c~/c^Le.e- 

V(i)   V(D    3  2  V  V(i) 


!^        ,  6  •  /    \  •  a  a  e  •  J 

V-2)   1(y'       V(l) 


. 
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and  the  right  side  can  (by  reduction  to  the  case 
<T  U)    =   J)      be  written  c.e«. 
Theorem.   The  constants  of  structure  of  Jv     with  respect 
to  the  basis   [h  ,eQ,e  J  are  rational  numbers 
determined  by   (A-;-;)  • 
Proof.  Since  [h.,h.J  -  0  and  since  all  inner  products 
<  a,  (3  >  are  rational  we  have  the  result  for  products 
of  the  following  types? 

[h  -,[e, . .  .e-j_]] 
[hj.Cfj...^]] 

so   that  we  need  @nly  prove  that  for  Y-,,  Y^* 
arbitrary  roots,  we  have  [ey  ,ey  ]  a  rational  combina- 
tion of  the  basis  vectors.  This  can  be  reduced  to 
proving  the  conclusion  for  the  cases  [e _.,[e_.  , . . .  ,  e.  ]], 

[e -,[f .  .. .  .,f .  ]],   [f  .[e,  .  . «  e .  ]],  [f.,[f.  ...f.  ]]. 
3       if  ix       j  i^    i1      3       ig    ix 

We  give  the  proofs  for  the  first  two  cases,  the  others 

being  analogous. 

A)  We  show  [e.,[e.  ...e.  ]]  is  a  rational  combi- 

3       xi    xl 
nation  of  basis  elements. 

Proof  Set  6  =  a.  +...+a.  .   If  6  +  a.  is  not  a 
—  ia      i£  3 

root  (which  fact  can  be  determined  by   (A.  .)) 

we  have  [e.[e_.  ...e.  ]]  -  0. 

3     xi    xl 

If  p  +  a.  is  a  root  then  [e.,[e.  ...e.  ]] 
3  3        i£    !]_ 

is  a  rational  multiple  (depending  on   (A.  .)) 

■*■  j 

of  the  base  element  e  .  (by  Proposition  2) . 

6 
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B)   The  proof  for  T  =>  [e  .,  [f .  , . . .  ,f .  ]]  runs  as 

3       H  11 

follows.   For  Jc  -   1  we  have 

L"hj   4  =  i 

For  1=2     we  have  T  =  0  unless  j  =  in   or 
j  =  i2.   Then 

T .  J" [ej[f j- V3   iz  =  J 

^[e.,[f.2>f  .]]  i,  -  j 
For  the  first  case  we  get? 

[e.,[fj,fii]]  =  l/2qai)a.<a.,a.>f.i 

by  virtue  of  the  Corollary  of  Lecture  XXIV.   This 
coefficient  is  determined  by  (A.  .) ,   as  we  have  seen 

For  the  second  case? 
[e.,[f.  f  .]]  =  -[f  ,?[e.,f.  ]]  -  [f.  ,[f  .,e.]] 

=  l/2S2,aj<aJ'aJ>fi2-ai2(Vfi2 

=  -2<   a.    ,a  .  >  f .    . 
x2      J  x2 

We  proceed  by  induction.   Let  J.   >  2.   If  no 

io  ■  j  the  product  is  0.   In  the  contrary  case  let 

io.T   be  the  highest  index  in  [f.  ...f.  ]  for 
CD+i  i^    i1 

which  is+1  =  J*   Then 
'-ej»'-fi/,,f  jfis-"fi1^ 

=  [f,  ...f.    Ee.,[f  .f.  ...f.  ]]] 
\£    1S+2  J   3   XS    *1 

=  [fwfi   th.Jf.  ...f.  ]]] 


•S+2 
CCfi^-  •  -fiS+2f  jej^f!S' '  ,fil^ 


r\ 
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and  we  apply  the  induction  hypothesis  to^complete  the 

proof. 

Corollary  1.   Let  XI     and  J]       be  semi-simple  algebras 

and  let  )/  and   X   be  Cartan  subalgebras,  respec- 

tively.   Let  \  ,   and   i  \        be  systems  of  simple 

roots  on  }-(     and  )-/  ,   respectively.   Let  ^  s 

77  "—>  77   be  a  bisection  and  assume 

2<  e.q  >  =  3<  %l£)  Ma)  > 
<   a  "a  >     <  ¥  (a)  ,<p(a)  > 

for  all  a,p  in  77« 

Then  there  is  exactly  one  isomorphism  ^'sjy— ■ >  ^ 

such  that  for  a  £  77 

^X'  -  h«f(«) 


cf'"ie„)  = 


a'    f(a) 


<f  (e_J  =  e. 


a 


■<P(a) 


where  ea  6  J^,   e^a  £  ^  with  B(ea,e„a)  =  1  = 
tr  (ad  ea  ad  e_a)  =  tr  (ad  ef(a)?ad  e-<p(a)). 
Corollary  2.   Let  Ju     be  a  semi-simple  algebra.   There 

is  an  automorphism  of  order  2  <f '   of  xy   such  that 
9(h)  =  -h  for  all  h  £  ){ ,  where  ){   is  a  Cartan 
subalgebra. 
Proof.   If  77  =  k,...,ffj|   is  a  system  of  simple 
roots  we  set   M   =  |-a,  ,-a2j  •  •  •  »~~aj)  •   ^e  mapping 
<?  i   77  — >  77'   defined  by  cf(a.)  =  -a±     enjoys  the 

property. 

<  cxi,a.  >   <-ai,-a.>   <  cf(ai)  ,<p(a  .)  > 

<  a  ..a  .  >  "  <-a  .s~a  .  >  "  <  fla.)  ,<p(a.)  > 

J5  J        J*   J       T   J  '    3 

whence,  by  Corollary  1,  we  obtain  an  automorphism 
<P*  of  Jb     such  that  <?(h)  =  -h  for  all  h£)/, 
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We  have  established  that  if  the  configuration  of  a  Dynkin 
diagram  (i.  e. ,  the  diagram  without  the  weights  attached) 
has  a  triple  joint  it  is  the  diagram 

which  we  call  G?.   If  it  has  a  double  joint,  it  has  but  one 
double  joint  and  is  of  the  form 


(i )   0 o 0  . . ,  0 0- 


O Q>  •  •   •  0 d O 


-3    <V   *>      h    **-»   *3  K    h 


°\   °U    <*3   <V   <*, 
and  if  it  has  no  multiple  joints  it  is  either  of  the  form 

,e 


<*•■ 


(ID  -  \. 


A  \  xf 

'     0_ 


or  else 


—  <>•  •  •  © q 


•  >  .  .  * o 


which  we  denote  A   (where  n  is  the  number  of  elements  in  the 
system  '  J)«" 

We  discuss  these  types  in  more  detail  now. 

TYPE  (i) 

Limitations  on  p  and  q. 

P  q 

Set  a  =  £  ia.   and  0  =  S  j0..  By  Schwartz's 

i-1   1  J-l   J 


inequality,  we  have 


(*)  <a,0>2  <  |a|2|0|2  , 
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the  strict  inequality  holding  since  a  and  0  are  not  collihear. 

Now 

|a|2  =     E     i2|a.|2+2     S     i(i+l)  <a.  ,a,  _,,> 

i=l  1  i*l  x     1+1 

o         P  o  P-l 

S     i^  +     E     i(i+l)(-l) 
i=l  i=l 

p-1 


■      a 


2/^2 


|a1|'c(   "S     -  i   +  p*)   -    KHp 
1         i=l  -1 


lr       l2/P(p+l)  I 


Similarly 


P|2  =    |Pi|2(2lfl±ii,. 


Also 


<a,p  =  <pa    ,   qB  >  =  pq  <a    ,p  > 


P'  "rq 


P7  q 


The  formula   (*)   above  becomes,   on  substitution 


P2q2<a   ,P  >*  <   |a1|2|P1|2  J^J.  £&±il  , 


whence 


4<a    ,p  >2 
pq  f2   q     2       <    (p+D(q+D    • 


pi     l^q 


Continuing,  we  get 


2pq  <    (p+l)(q+l)    «pq+p+q+l 
pq~p-q  +  l<l  +  l 


(p-U(q-l)   <  2 
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yielding  the  two  cases  : 


A)  (p-l)(q-l)  =  1 
in  which  p  =  2  =  q 
and   3)  (p-l)(q-l)  =  0 

in  which  p  =  1  and  q  is  an  arbitrary 
positive  integer  (the  case  q  =  1  and  p 
arbitrary  is  isomorphic  to  this  case). 


The  configuration  is  thus 


in  case  A).  We  call  this  configuration  F,  •  In  case  B)  we  have 

Allocation  of  weights  in  type  (i) 

Since  the  elements  of  a  simple  chain  all  have  the  same  weights 
there  are  two  types  of  Dynkin  diagram  corresponding  to  -case  B 
above*,  viz.  , 


on 

i 

» 

9  *    » 

1 

■  •  — 

-  © 

•h 

?* 

V- 

h 

P. 

t 

an 

3L 

2- 

-  O 
P. 

and 


We  call  the  first  type  Cn  and  the  second  type  B   where  n 

is  the  number  of  elements  in 
Note:  In  a  diagram,  if  we  have 

Q"        o 

we  must  have  either 


since 


and  we  have 


or  else 


or 
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-  4 

\ 
©  — 

c2- 

-o 

Aa£Apa 

-  2  = 

4<a .  3>2 

<a,aXp}p> 

Aa£ 

=  -1 

A0a    * 

A3a  "  ~2  Aap  '  ~2 


In  the  first  case  above  we  set   |a|   =  2  and  get 


2<a.B> 


-  -1 


<a,p>  -  -1 


-2 


A£a  "<P7P  "  ~2 
therefore   <P,£>  =  1 

In  the  second  case  we  set   |a|   =  1 


2<aAB> 


=  -2 


<a,p>  =  -1 


A 


_   -2 
<P,P>  -  2 


=  -1 


From  the  note  above  we  see  that  the  allocation  of  weights  in 


XXVTU  -  5 


the  configuration  F,   must  be  of  type 


\ 


O 


0. 


or 


0 


o 


and  these  two  diagrams  are  actually  isomorphic  (we  may  always 
change  the  weights  by  a  constant  multiple). 


TYPE  (ii) 


limitations  of  p,q,   and  r 
We  assume  that  P  >  q  >  r  >  2   (if 


we  have  the  case  A  ).   Set 


p°»l 


a 


_  v 


i-1 


ia. 


q-1 

P  -   S   JP, 
3-1   J 


r-1 

=  S  ky 


1     k-i 


min(p,q,r)  =  1  then 


k  * 


The  vectors  a,  p,?f  form  a  mutually  orthogonal  set  (i.  e. ,  a 
3-frame)  in  euclidean  space >  Denoting  the  angle  between  the 
vectors  x  and  y  by  ^x,y  we  have: 

<6,o>    (p-1)<6>y~r; 


cos  <6,a  = 


61  a 


On  substituting 

p-1  p-1 

<a}a>  =  <  Z     ia.  ,      S     ia-> 


i-1 


i=l 


p-1     7 
=     2     i*<a. ,a.>  +  2   S     ij<a. ,a  > 
i-1  x     x  i<j         x     J 

p-1     9  p-2 

=  <a1  ,a-,>     S     r  +  2S     <a.  ,a.    -,>i  (i+1) 
1     x     i-1  i-1       x     1+J- 


(cont.    on  next  pg») 
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p-1  p„2 

<al9*2>i2     i     -     2     i(i+D) 


i=l 


P-2 


i=l 


<a1,a1>("E.    «  i   +    (p~l)2) 
1     -1-     i=l 


<a1,a1>(  -^      2 
<a1,a1>(p-l) ( (p~l)   - 
<a1>a1>p(^1) 


+   (p-1)2) 
•2) 


) 


we  get 


(p-l)2<6,a     x>22 
cos     <6>a  ■<6>6Xa1>ai>p(p 

2  ^c  2(p-l)2    4'<6»ap-l> 

4cos^  <6,a  =  ~  )  r  £  I      •    >£    gO 


«  Sifcii  .  2(l-i). 

P  P 


The  inequality 


2 


4003^  <6,a  +  4cos*  <6,3  +  4cos*  <6,Y  <  4 


becomes  on  substitution 


whence 


2(1-|)  +  2(1-J)  +  2(l-i)  <A 


p   q   r  -•  J 


and  we  find  r  =  2.   Then  we  have 


i  <  i  +  i  <  2q-i 

2    p    q  — 


whence  q  =  2  or  3. 
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In  case  q  =  2  we  have 

1<  I  +  I  +  I 
p   2   2 

and  p  is  arbitrary.   The  diagram,  in  this  case  is  called  D 
and  looks  like 


-X     I 


In  case  q  =  3  we  have 

P   2   3 
3  <  P<  6 

and  p  =  3,4,  or  5.   The  diagrams  are  shown  below  and  are  called 
E^jEL,  and  Eg  respectively: 

\  c 

X 

0 


X 


io — o> — © — ©      b 


7 


o  —  o- — a — -  o 


E 


0 


0 
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Allocation  of  Weights  on  Type  (ii) 

In  A  ,  D  ,  Eg,  EU ,  Eg  all  Weights  are  the  same  in  any- 
given  diagram  since  all  weights  in  a  simple  chain  are  equal. 

We  have  ascertained  that  the  Dynkin  diagram  of  a  simple  Lie 
algebra  is  of  the  form  An,  Bn,  Cn,  Dn,  Eg,  E   Eg,  G2,   or  F^. 
We  have  not  shown  that  all  of  these  are  actually  possible,  but 
only  that  no  others  are.  We  now  remedy  this  situation.   (For 
a  more  detailed  account  see  Lie  Algebras ,  by  N.  Jacobson,  p.  I35 
and  the  following  pages ) . 

Existence  of  the  simple  Lie  algebras  of  type  A 

Consider  the  Lie  group  SL(n+l,K),  the  group  of  all  (n+1)  by 
(n+1)  matrices  of  determinant  =  l(n>  1).   The  Lie  algebra 
^(n+l,K)  consists  of  all  (n+1)  by  (n+1)  matrices  of 
trace  ■  Q. 

Let  e .  •  be  the  matrix  (^ai"^8i^  whose  component  ^a,3 
is  0  unless  a  ■  i,  0  «' j  in  which  case  it  is  1.  We  have 

eijekl  B  6jkeii  ' 

The  diagonal  elements  of  >Kx(n+l,K)  form  a  Cartan  subalgebra  )(. 

n+1 
Denote  by  \.      the  linear  functional  \(   S  a.e..)  =  a^.   The 

formula 

rh ,e •  -1  =  (a- —a  •  )e.  . 

n+1 

where  h  =  E  a,e,,,  shows  that  e .  .  is  a  root  vector  for  the 
k=l  ** 

root  \.    -  \.      (where  i  ^  j).   The  h  +  n  linear  functionals 
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(A.  -\.)  for  i  ^  j  are  the  roots  and  we  get  a  simple  system  of 


3 
roots 


al  "  \  '  X2 


2    2    3 


n    n    n+1' 


since,  if  i  <  j,  we  have  V.  -  X. .  =  a.  +  a.  -,  +. . . +a  .  n .  We  have, 

"  *              1      J      1      1+JL        J"*-!- 

then,  the  linear  functionals   (K. -\.)  with  i  <  j  positive 
roots. 


1  if  j  p  i+1 


3   i      i  J 


and  the  diagram  of  ^dC  (n+l,K)  is  A  • 

*         A    i    ■ 

We  have  shown  that  A   is  the  Dynkin  diagram  of  a  simple  Lie 
ilgebjra*,  viz.,  JJL  (n+l,K). 

Existence  of  the  simple  Lie  algebras  of  type  IL 

— ^ — «»-— « —   I     II   I   III  l»Ti.lfl.«uJ m      'k»   ■!.  I   ——■an  — — HW—   I    I  alfaM—         Jj 

Consider  the  Lie  group  S0(2n+1,K),   the  group  of 
transformations  of  determinant  =  1  which  leave  invariant  the 
non-degenerate  quadratic  for  F.   Since,  over  an  algebraically 
closed  field,  all   (cont.  on  next  page) 
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non-degenerate  quadratic  forms  are  equivalent,  there  is  no  loss 
of  generality  if  we  take  the  group  to  be  all  transformations 
preserving  the  quadratic  form 

2     n 

0     .  _-|   l  l+n 


whose  associated  bilinear  form  is 


n 
X°y°  +  ±li   Xiyi+n  • 


This  group  is  the  set  of  all  matrices  of  determinant  =  1  whose 
elements  g  satisfy 

t 
go-  g  =  cr- 


where 


<f   = 


(l 

0 

0 

0 

°n 

Xn 

1° 

Xn 

°n 

is  the  matrix  of  the  bilinear  form. 

The  Lie  algebra  ^CAJ    (2n+l,K)   consists  of  all  matrices  X 
such  that 

exp(tX)crtexp(tX)  =  cr  \ 


l.  e.  , 
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(I+uX)crt(I+uX)   =  6"       for  all  u,    i.e., 


x<r+  o"*!  -  o 


Then    >w(2n+l   ,K)      consists   of  matri 


ces 


0       vx       v2 


\2  all     al2 


S^   a2l   !all 


where     al2  =  *a12,   a21  =  *a2l   . 


Take     ){  =    {diagonal  elements  in    _/£>( 2n+l , K ) }     for  a  Cartan 
subalgebra.     K     is   spanned  by  the   elements     e.+-,    .    -,    -  ei+n+i  i+n+1 


We  have   the  root  vectors : 


eM.~A,j  ~  ej+l,i+l  "  ei+n+l,j+n+l     for     i  ^  J 


e\i+Vj   ~  ei+n+l,j-fl  ~  ei+n+l}i+l     for     i  <  j 


e- (*..+*..)■  =  e-  -,  ,AOTAl  -  e.  -,  ,AT1J,   for  i  <  j 


*i  J'    0+1 » i+n+1    i+l,j+n+l 


eX±   ~  ei,i+l  "  ei+n+l,i 


l    i+l,l    l,i+n+l 


A-.system     of  simple  roots  is : 


al  =  \  ~  \ 
a2   =  \   "  S 


n-1    n-1    n 
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The  Dynkin  diagram  is  B  — 

J-  3-  ^  ^  >     i 

o —  ©  —  #•  •  •«>  —  •"ZZ:  • 

*\    <^    "S    "V*   ^-|  \ 

Thus  the  diagram  B   is  the  Dynkin  diagram  of  a  simple 
Lie  algebra*,  viz.,  j&0   (2n+l,K).   As  B-,  =  A-,   we  consider  only 
Bn  with  n  >  2. 

The  simple  Lie  algebras  of  type  C 

Let   ^yMnjK)  be  the  (sympletic)  algebra  of  transformations 
of  trace  =  0  keeping  invariant  a  skew-symmetric  bilinear  form  in 
2n  variables.  We  make  take  as  matrix  of  the  bilinear  form 


T  = 


°n  \ 


-Xn  °n 


Then  ^9&  (n,K)  is  seen  to  consist  of  matrices  such  that 
XT  +  rX  =  0;  i.  e. , 

All  al2 
X  =  )      with  a10  =  t     and  a0l  ■  t 

la9l  -t    /  12    al2        21    a2J 

){    consists  of  the  diagonal  matrices.   We  have  root  vectors  '• 

eX.   -  \±       ei,j  "  ej+n,i+l 

p        =e-.   -  e  •  •  .     i  <  i 

1  3 

e\±   +  X.   =  ei+n,j  +  ej+n,i    i  <   J 
e2^  =  ei,i+n 

e2^.  =  e. 

i    i+n,i 
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For  a  system      of  simple  roots  we  take 


°i  -  *i  -  \ 


a2  "  h  ~  x3 


a     n  =  X     t  —  X 
n-1    n-1    n 


n     n 


The  Dynkin  diagram  is ,  in  this  case ,  C 


\ 


^3 


••«? 


I 


°\-| 


Thus  the  diagram  C   is  the  Dynkin  diagram  of  a  simple 

Lie  algebra;  viz.,  ^fp(n,K).  As  ci  ~  Bi  =  Al  and  co  =  B2 

we  take  C   for  n  >  3. 

n        —  ^ 

The  simple  Lie  algebras  of  type  D„ 

We  take  -<a^'(2n,K),  the  Lie  algebra  of  the  special 
orthogonal  group  in  2n  variables.  ^  is  again  the  diagonal 
matrices  in  ^c?T2n,K)  and  the  roots  are 

X.   -  X. 


As  a  system     we  take 


+  [X .  +X  . )   . 
-  l   .1 


ai  -  *i  -  \ 

a2  "  K2  "  X3 


a 


n-1 


n-1 


n 


<£    a  A.       +  A. 

n    n-1 


& 
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The  Dynkin  diagram  has  the  form  D 


n 


O  — — 

/ 

-#  » 

* 
-1> 

•  # 

Thus  the  diagram  D   is  the  Dynkin  diagram  of  a  simple  Lie  algebra* 
viz.  ,^^(2n,K).   As   D^  =  Cj  *  B1  ■  A^ ,  D2  =  A2 ,  D  =  A  , 
we  take  D  -  for  n  >  4 

We  state  without  proof  here  that  there  are  simple  Lie 
algebras  over  K  with  Dynkin  diagrams  G? ,  F . ,  E, ,  EL   and  Eg. 
It  results  that  the  diagrams  A  (n  >  1),  Bn(n  >  2),  C  (n  >  3), 
Dn(n  >  4),  G2,  F.  ,  E^,  E„,  Eg  are  precisely  the  possible 
diagrams  for  simple  Lie  algebras. 


It 


Lecture  XXIX 
Given  a  Lie  algebra  ygj,     a  Cart  an  sub  algebra  ){,  and  an 
ordering  in  ){Q       there  corresponds  a  simple  system  of  roots,  J, 
and  a  Dynkin  diagram.  We  now  show  that  given  any  other  Cart an 
sub algebra  )t  and  ordering  in  }LS       we  get  the  same  Dynkin 
diagram. .  We  begin  by  proving  the  independence  of  the  diagram  on 
ordering  in  }§. 

I.  Independence  of  the  Dynkin  diagram  on  the  system  of  simple  roots 
We  know  that  if  "K    is  a  weight  of  a  representation  of  the 
three-dimensional  simple  Lie  algebra  generated  by  lea>e.,a>na} 
then  -X.  is  also  a  weight.  Thus,  for  the  root  \    of  }(  we 
consider  the  root 


\,aa   +  *\,aa 


where  \   +  ka  is  a  root^-for-  ■-— r-v  „  <  k  <  a*   .   Let  S„  be 
the  map  Sa  :}{*  — >-#*  defined  by 

Set  Pa  =  {h;  h  e  H  and  a(h)  =  0}.   Identifying  X  with  W* 
via  the  Killing  form  we  see  that  S   is  just  reflection  in  P 
with  respect  to  the  induced  Killing  metric  on  ){,     S   is  called 
the  "Weyl  reflection  in  P  «.  We  define  the  group  W  generated 

WB 

by  the  S„  the  Weyl  greup  on  M»  Since  S„  permutes  the  roots 
and  <S  (M  ,  S  (X.  )>  »  <X,X>,  each  element  of  W  is  induced 
by  an  automorphism  of  j<>  More  specifically 

Proposition  Each  element  of  W  is  induced  by  an  inner 
automorphism  of -(;< 
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Proof  Consider  the  3 -dimensional  simple  Lie-algebra 

fe  ,e   ,h  ].   The  Weyl  reflection  is,  here,  h  — >  -h  • 
Denoting  <a,a>  by  a  we  get; 

[e^e^y^  ha]  =  -es/zR   (ea+e_a) 

£ecre~o:>ea+Q~J  =  2ha  =  ^  ^  ha 

Let  Y  be  the  restriction  of  ad(e  ~e  )  to  the  2-dimensional 
subspace  generated  by  H   and  e  +'  e .   The  matrix  of  Y 
with  respect  to  the  basis  {l/2/a   ^a>ea+e„a]  ^as  been  computed 
above  t*  be  J 

0   V5a 

yea    0 

which  we  may  write  Via  Z  where  Z  =(  ?  q)«  We  have 

tY    *  (tY)2?  ,  ?  (tY)2P+1 

e    =  pio^^    Pf o  f2^1^    * 

Bearing  in  mind  that  Z  =  -I  =  (~i  _?")  we  write 

(tY)2?  =  (/2a  tZ)2?  =  (/2a  t)2P(-I)P 

(tY)2p+l  _  yjg   tZ)2P(y^i  tz)  =  (y^  t)2P+1(-I)Pz 


whence 


etY  a  cos  (/la  t)I-(sinV2a  t)Z, 


thus,  if  we  choose  t  =  n/V2a  we  have: 

exp  n//2a  Y  =  -I. 
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Setting  g  =  exp  ad  Vi/2a(ea~e  ~)  ™e  see 

gh  =  -h 

gh  =  h  for  h  e  P„ 
°  a 

The  result  follows  for  the  general  case. 

Definition  Let  f\    be  the  set  of  non-zero  roots  on  ){. 

By  a  Weyl  chamber  in  ")L  we  mean  a  maximal  convex 

subset  of  1  -  (J  P  .   It  is  a  maximal  subset  of  }L 

u       aeR  a  ^ 

on  which  no  root  vanishes  or  changes  sign* 

The  Weyl  group  W  permutes  the  chambers*  What's  more  - 

Lemma  1  W  permutes  the  Weyl  chambers  transitively. 

Proof    Let  CQ  and  C-,  be  Weyl  chambers  with 

hQ  e  Cq  and  h-,  e  C-,.   It  suffices  to  prove  that 
there  is  an  S  e  W  such  that  hQ  and  sh-,   are 
on  the  same  side  of  each  plane  P  . 

Choose  S  in  W  so  as  to  mimimize  the  Killing 


distance   |h0~sh-.  |.   If  hQ  and  sh-,  were  on 
opposite  sides  of  P   then  the  straight  line  join- 
ing them  would  intersect  P   and  we  would  have 

s  sh-,   nearer  to  hn   —  a  contradiction.   Thus  we  have 
a  1  U 

sh-,  e  Cq  and  sC-,  «  Cq. 

Lemma  2  There  is  a  canonical  one-to-one  correspondence 
between  Weyl  chambers  and  systems  of  simple  roots. 

Proof  Given  a  s§rstem  of  simple  roots   ["T  ~  tai»a2»*  *  *  ,a£  5 
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then  cu  ,ou,«.«,cu  ar$  linearly  independent  and  each  root  a 
can  be  written 


o:  =  + 


m. a.  *.m.  >  0 
1  i  '  i  — 


i-1 

Set  C(TT)  =  {h#,  a±(h)  >  0  for  i  =  1,2,...,/}.   CflT)   is  a 
Weyl  chamber. 

Conversely,  given  a  chamber  C,   let  "JT(C)   consists  of  all 
roots  which  are  positive  on  C  but  not  a  sum  of  two  such  roots. 
For  any  element  s  e  W  we  have 

Tf(sc)  =  s*(TT(0) 

since  <s''A.,sh>  =  <X}h>.      Thus,  to  prove  that      is  a  system 
of  simple  roots  -  it  suffices  to  prove  that   f(sC)  is  a  system 
of  simple  roots  for  some  s  s  W*  i.  e. ,  for  some  chamber  C. 
But  TT(C(TT))  =  TT*   Thus  TT(C)  ifc}  *  system  of  simple  roots 
for  any  chamber  C  and  also  C  — >  TT(C)  is  a  bijaction. 

As  a  corollary  to  Lemmas  1  and  2  it  follows  immediately  that 
any  two  systems  of  simple  roots  are  isomorphic  under  the  Weyl 
group  —  in  particular,  any  two  systems  of  simple  roots  yield 
the  same  Dynkin  diagram. 

!!•   Independence  of  the  Dynkin  diagram  on  the  choice  of  H. 

Let  )i     and  )(   be  Cartan  subalgebras  of  j*U.      Let  0\       and 
J\        be  the  sets  of  roots  on  }{     and  }{       respectively.   We  define 
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# 


P(M  =  P(A.,X)  =  det(M-ad  X)  -  2  B. 

k=0  K 
n     v 
P(M  =  P(\,h)  =  det(VE-ad  h)  =  £  R>K  for  h  e  K 

k=0  K 

where  n  «=  dim^Z   P(M  is  a  polynomial  in  the  indeterminant  "K 
with  coefficients  in  the  field  KfB-pB^,...  ,Bn)  where  B^. 
is  a  polynomial  function  on  -K?.   P(M  has  its  coefficients  in 
the  field  K(!L,B2,. . .  ,B"  ).  We  assume,  for  the  proof  we  shall 
give,  that  K  is  the  field  of  complex  numbers. 

Definition  The  adjoint  group  G  of  the  Lie  algebra  X' 

(or  the  group  of  inner  automorphisms)  is  the  linear  group 
where  Lie  algebra  is  adx/  « 
Recall  that  P(A.,g(x)  =  P(A.,x)  for  all  g  e  G,  so  that  Bk(gx)  - 
-  Bk(x)  for  all  g  €~  G. 

Lemma  3  The  restriction  homomorphism  is  an  isomorphism  of 
KiBry^^  ,B^>  britc   K<3£  •  • .  ,T5~> 

Proof  Consider  the  polynomial  mapping  PiG*}{  —~>W     defined 
by  (^(g,h)  =  g(h)  for  g  e  G  and  h  e  \.      As  a 
polynomial  mapping  P      is  certainly  analytic,  and  in 
order  to  prove  that  the  image  contains  a  ^-neighborhood 
of  an  element  h  e  ((  it  is  sufficient  to  prove  that  the 
differential  of  the  map  f*     has  rank  equal  to  the  dimensio  n 
of  yj    .  Now 

d^(1>h)(h)  -h 

d  fn  h)'x^  =  ad  x^h'  =  rx>h^# 
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Thus  d*?  of  the  tangent  space  at   (l,h)  -  H  +  ad  h(v) 

-w  if  h-  is  regular 

To  see  that  the  restriction  homomorphism  is  one- 
to-one  we  assume  a  polynomial  relation  f(B-p..«,Bn)  ■  0, 
Then  f  (B-^h) , . . .  ,Bn(h) )  =  0  for  all  h  e  X*   T*"*s 
f  (B-^gh),...  ,Bn(gh))  =  0  for  all  h  e  X  and  6  e  G- 
From  the  paragraph  above  we  conclude  that  f  (B-^(x)  ,♦ ..  ,Bn(x) ) 
■  0  for  all  x  in  some  ^-neighborhood  of  the  regular 
element  h.  It  follows  that  f(B1,,..,Bn)  ■  0 

Q\   is  the  set  of  roots  of  P(M  since 

ae/i 
$,  can  be  identified  with  the. roots  of  P(M  over  the  field 

K(B-j*.».,B)  by  virtue  of  Lemma  3«  There  results  a  ©ne-te~»ne 

correspondence  between  roots  ^<-  and  /I   -talcing  sums  int/>  sums, 

whence  the  euclidean.s^aces  X  and  H   are  isometric  via  some 

map  say  7  .  Let     be  a  simple  system  of  roots  for  ){•     Then 

7  (Tf )  is  a  simple  system  for  X   and  we  see  that  the  Dynkin 

diagrams  are  the  same  for  any  X  and  X  • 

Remark  For  an  algebraically  closed  ground  field  K  the  image 
of  p:G>X  — >sv   is  a  Xf -neighborhood  in  the  Zariski  - 
topology  of  jv   .  Since  any  two  ZarisJci  ~ neighborhoods #f  X) 
intersect  ini non-empty  Zariski  -  neighborhood,  we  can  find 
for  any  two  Cartan  subalgebras  Xi   and  H2  ^  regular 
element  h  conjugate  to  an  element  of  }L     and  t*  an 
element  of  }L.   It  follows  at  once  that  )L      and  )L 
are  conjugate  under  an  element  of  G# 
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In  this  lecture  we  discuss  some  facts  about  algebraic  linear 
groups . 

Let  V  be  a  finite  dimensional  vector  space  (with  dimension 
V  »  n)   over  the  field  k  .   Let  E  =  Horn,  (V,V)  and  denote  by 
GL(V)  the  set  of  invert ible  elements  in  E  .   A  subgroup  G  of 
GL(V)   is  called  algebraic  in  case  there  exists  a  set  (P  of  poly- 
nomial functions  on  the  linear  space  E  such  that  G  =  [g',g  e  GL(V) 
and   (?(g)  =  0  for  all  f  e  (?  }  . 

For  any  g  e  GL(V)  we  define  a  map  L(g):E  — >  E  by  the 

formula  L(g)e  =  g'e  .  Denote  by  L   (g)  the  canonical 

r ,  s 

operation  of  L(g)  on  the  tensor  space  E„  _  over  E  .  A  tensor 

r ,  s 

t  e  E     is  called  a  semi-invariant  of  G  whenever  L  ^(g)^ 
s  \(g)t  with  \(g)  e  k  for  all  g  e  G  .  When  this  is  the  case 
\(g-,g2)  -  X(g1)A.(go)  and  k  is  called  the  weight  of  the  semi- 
invariant  t  . 

Theorem:  An  algebraic  linear  group  G  in  GL(V)   is  defined 
by  a  finite  set  of  semi -invariants  of  equal  weights. 
Proof:  Let  8     be  the  ideal  of  all  polynimial  functions 
on  E  which  vanish, on  G  .  An  element  x  e   GL(V)   is 
in  G  if  and  only  if  (p  is  stable  under  L(x)  —  i.e., 
9  °  L(x)  -  9   .   To  see  this,  first  assume  (P-L(x)  *  V  ', 
then 

G>  (xe)  =  0  for  all  e  e  G  and  $  e  (r  , 
in  particular 

$(xl)  =  (p(x)  =  0  for  all   <?  e  P 
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and  x  e  G  .   Conversely,  if  x  e  G  and  q   e  vf  we  have 

(  <yoL(x))(e)  -  #(xe)  -  0  for  e  e  G  , 

i,e.,  (poL(x)  C  Q  i   and  since  p  (e)  »  (g>  «  L(x   J  •  L(x)  )(e) 

■l 
and  (by  the  same  argument)  goL(x~  )  C  ^  we  see 

(?C  <P°L(x)  . 

Now  (?  is  an  ideal  in  a  polynomial  ring  in  n  - 

variables  over  the  field  k  and,  by  the  Hilbert  basis 

theorem,  it  is  finitely  generated.  Set  G*     ■  the  set 

of  elements  in  Q     of  degree  <  X   •  Then   (^   generates 

(P  for  some  JL  .     We  choose  such  an  A    and  we  have 

from  the  above  considerations: 

x  e  G  if  and  only  if  (A  is  stable  under  L(x)  . 

Set  A  equal  to  the  exterior  algebra  built  over 
the  space  of  all  polynomial  functions  on  E  of  degree 
<  Jl    .  Set  (?   e«[ual  to- -the  canonical  3. -dimensional 
subspace  of  A  corresponding  to  (J  ,  whence 

(*}  x  e  G  if  and  only  if  L(x)  keeps  (J\  stable  . 

Now  the  elements  of  J\.    can  be  thought  of  as 

alternating  tensors  and  -A  is  identified  with  a  subspace 

N 

of  the  direct  sum  of  tensor  spaces   ST.  .  Let  t  be 

a  1-1  1 

a  non-zero  element  in  u^  and  x  (respectively  x. )  be 

the  canonical  operation  of  x  on  yi.  (respectively  T.  )  • 
We  have 

t   —   t-i    *r   tp   t"   •  •  •   "*"   tvr 
A 

xt  =  x1t1  +  x2t2  +  . . .  +  xNtN 


\  \ 
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and  the  condition 


x-t.  =  \t.  (i  a  i,2,...,N) 


is  equivalent  (by  (*))   to  the  condition  that  x  e  G 

Conversely,  we  can  show  that  the  set  of  all  elements 
x  e  GL(V)   such  that  x  admits  t-.  ,t?  , . .  .  ,tN  as 
eigenvectors  of  the  same  weight,  X(x)  ,   forms  an 
algebraic  group. 
Corollary  '*     Let  x  £  G  and  let  x  =  S  +  N  be  its  Jordan 
normal  form  decomposition.   Then: 

a)  S  and   (1  +  S^N)   are  in  G 

b)  Set  U  =  (1  +  SralN)  *  Then  U  is  unipotenf, 
i.e.,  all  its  eigenvalues  are  =  1.  The  endo- 
morphism 

ioSu=  ?(^,*iufci£ 

is  well-defined,  since   (U-I')  =  0  for 

sufficiently  large.   If  we  set 
0c  _  eo  log  U 

then  U   lies  in  G  for  all  c  e  k  . 

c)  Assume  k  =  R  =  real  numbers.   Assume  that  the 

eigenvalues  of  S  are  all  positive.  Define 

co  (   .  *+l(is-l)* 
Log  S  =  Z    {    ±}   — ■&—  +  log  N-l 
i=l        * 

where  N  is  a  number  greater  than  1/2  the 

maximum  eigenvalue  of  S  (this  definition  is 

independent  of  N).   Then  S1  =   et   log  S  is 

in  G  for  every  t  e  R  . 
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d)   Assume  k  =  R  =  real  numbers.  Write 
S  =  TR 
where  TR  =  RT  ,  all  eigenvalues  of  T  are 
positive,  all  eigenvalues  of  R  are  of  modulus 
=  1  ,and  T  and  R  are  both  semi -simple. 
(We  call  T  the  absolute  value  of  S  and  R 
the  rotational  part  of  S  ) .   Then  T  and  R 
are  in  G  . 
Proof:  We  give  proofs  of  a)  and  b).   Theproofs  of  c) 
and  d)  are  quite  similar. 

a)  Let  t-,,...,tN  be  the  semi -invariants  defining  G  . 

Then  L   _(x)t.  =  Xt.      for  i  =  1,2,...,N  .   It 
r ,  &     1     l 

follows  that 

Lr)S(S)  t.  =  f(X)ti  I 

where  f  is  a  polynomial  such  that  S  =  f(x) 
because  the  tensor  representation  takes  the  Jordan 
decomposition  into  the  Jordan-  decomposition.   It 
follows  that  S  is  in  G  and,  therefore, 
(1  +  S~1N)  =  S-1x  e  G  . 

b)  We  give  the  proof  for  k  =  real  numbers.   First 

observe : 

L    (U)t.  =  L  0(S~1)L   (x)t.  =  t. 
r,sv/i    r,sv    tr,svyi    i 

What  we  want  to  show  is  '• 

Lr,s(IjC)  =  Lr,s{U)C  for   C  *  R 
This  follows  from  the  formula 

exp  c[dLr>s(X)]  =  Lr?s(exp  cX) 

by  setting  X  =  log  U  .  We  leave  the  above  formula 

as  an  exercise. 
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We  prove  here  some  facts  about  "compact"  Lie  algebras. 
Definition  the  real  Lie  algebra  s&     is  called  compact 

provided  that  the  Killing  form  is  negative  definite 
(afortieri  J&    is  semi-simple). 
We  have  the  following  characterization  of  compact  Lie  algebras^ 
Theorem  1   A  semi-simple  Lie  algebra  x</  over  the  field 
R  of  real  numbers  is  compact  if  and  only  if  its 
adjoint  group  Ad  ^7  is  compact. 
For  the  proof  we  shall  require  the  following  facts 

Lemma.   Every  derivation  D  of  the  semi~simple  Lie  algebra 
JtJ    over  the  field  k  is  an  inner-derivation;   i.e., 
D  ■  ad  Xq  for  some  Xq  E  ^x7. 
Proof. 

We  have,  for  any  X  and  Y  in  ^ 

D[X,Y]  =  [DX,Y]  +  [X,DY]; 
i.  e. , 

D  o  ad  X  =  ad  DX  +  (ad  X)°D,   or 
ad  DX  =  [D,ad  X]  . 
Let  £  =  Homk(^J?/).   Then  dim  £=  (dimJ^)2  and 
£  =  £Q  +  ad  %>      (direct) 
where  £Q   =  [Tj  Y  E  £   and  tr  Y  ad  J&   =  0]. 
Furthermore,   [ad  Js,   Cq]  C  &q* 

Set  D  =  DQ  +  ad  XQ  with  DQ  E  £Q  and  XQ  E  J^. 
We  have  [DQ,  ad  X]  E  £Q  for  all  X£^  so  that 
ad  DX  =  [D,ad  X]  =  [DQ,ad  X]  +  [ad  XQ>ad  X] 

=  [DQ>ad  X]  +  ad[XQ,X] 
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It  follows  that   [DQsad  X]  -  0  and 

ad  DX  -  ad  [XQ,X], 
whence  DX  -  [XQ,X]  for  all  X  £  J&   (since  the 
center  of  ~sJ     is  trivial). 
Proof  of  Theorem  12 

I.  As  we  have  seen  before,  the  derivation  algebra 
of  Js     is  the  Lie  algebra  of  A (J/),  the  group  of 
automorphisms  of  the  Lie  algebra  .x/.   Thus  if  Jts 

is  semi-simple,  the  Lie  algebra  of  A  (J/)   is  ad/i/. 
The  group  A(x/)   is  an  algebraic  linear  group,  being 
the  family  of  endomorphisms  preserving  the  structure 
constants  of  J&.      Thus  Ad  x/*,  the  adjoint  group  of 
x/  (the --analytdrc-  subgroup  whc-se  Lie  algebra  is  adx/) 
is  the  connected  component  of  the  identity  in  A(x/). 

Since  A(x/)   is  closed  in  the  full  linear  group, 
so  is  Ad(x7).   Now  assume  Ju     is  compact.   Then 
Ad(x7)   is  a  closed  subgroup  of  the  full  linear 
group  which  preserves  some  negative  definite  form. 
It  follows  that  Ad(X/)   is  compact. 

II.  Conversely,  if  Adx/   is  compact  and  s&    is 
semi-simple  then  Ad  xy   is  a  bounded  group  of  matrices 
and  for  each  XE//   ad  X  cannot  have  any  eigen- 
values of  non-zero  real  part  r  —  otherwise 

tr 

exp  ad  tX  has  an  eigenvalue  of  absolute  value  e  , 

which  is  unbounded.   It  follows  that  tr(ad  X)  '  <  0 
and  the  Killing  form  is  negative  semi-definite. 
Since  the  Killing  form  is  non-degenerate  it  is  nega- 
tive definite. 


i  K 
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Definition.   Let  a)     be  a  Lie  algebra  over  the  field  k 
and  let  K  be  a  field  containing  k*   Th«~  in-^-ectitM* 
i,2  k  — >  K  defines  a  canonical- in je-ct ion  ^%@^-y* 
Ju  -  a/ <H).  k  — >x7 '  Q,    K  where  i/v,  denotes  the 
identity  mapping  of  -a7  onto  itself.   The  vector 
space  ^ ®\r  K  can  be  given  a  Lie  algebra  structure 
by  taking  any  base   {x-,,...,x  }  and  structure  con- 
stants c   (i,j,k  =  l,2,...,n)   for  AA     as  structure 

a    j 

for  ^(g^K. 

Given  a  Lie  algebra  x^C  over  the  field  K,  we 
mean  by  a  k-form  of  Jy™     a  subset  A&    of  <*/^ 
such  that  aj     is  a  vector  space  over  k  and  there 
exists  a  K-isomorphism  a  such  that  the  following 
diagram  commutes. 

We  have  for  Lie  algebras  //  over  the  complex  numbers, 

Theorem  2.  A  semi-simple  Lie  algebra  Js    over  the  field 
C  of  complex  numbers  has  a  compact  real  form. 
Proof.   Let  X      be  a  Cartan  subalgebra  of  Ay     and  let 

l^)/  (a  /  0)   be  such 

Uw 


ea  e  At' 

e!a  6  *.. 

that 

(i) 

(ii)   B(e*  e?  )  -  1  . 
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Let  cT ;  -v  — >-c/   be  the  involution  defined  by 

<T(eJ)  -  e^  .   Then  0"~2  -  1  on  Js     and  <T  [Jf)    ■ 

^    for  a  /  0  and  <T()0  ■  X'.   It  follows  that 

>7   -  B(e„,e  °  )   is  different  from  zero  and  we  may 
(  ff      a*  a 

solve  the  equations 

Setting  ea  =  X e   we  get 

B(e  .e6")    *  -1 
a'  a 

and  if  we  take  e  „   -  e„   for  positive  roots  a 

we  have  for  all  non-zero  roots  a 

ot '  — cc 

As  a  basis  for  -</  we  take   (h^tu, . . .  ,h/,e  ,e  } 

where  a  runs  over  all  non-zero  roots  and  X     is 

the  rank  of  Jv  . 

Let  a  and  (3  be  non-zero  roots  with  a  /  -p 

and  let  te  , eg]  -  N^  6ea+g*  An  elementary  compu- 

tation  yields  that  N  Q  >  0  and  since  a(h. ) 

a,p  -  l 

is  rational  for  i  a  1,2,. .. ,1    the  basis  above 
has  real  structure  constants  and  the  set  Jb  '    of 
all  real  linear  combinations  of  this  basis  is  a 
real  Lie  algebra  whose  complexification  Jj  ®&  C 
is  Jb . 

Let  Jjyr     be  the  real  Lie  algebra  consisting  of 
all  real  linear  combinations  of  the  elements 
rr^T  h±   (i  =  1,2,. ..J),      ea  +  e_a,  and 
trfTKe  -  e  •)  for  a  a  positive  rootr**  We  leave 


<   ' 


.  *•?[ 


as  an  exercise  to  the  reader  to  show  that  <$%.    1S 
a  compact  real  form  of  Jj  •     We  may  also  write  <^^> 
above,  as 

where  ){q     is  the  real  span  of  the   {h. }  and  za 
is  an  arbitrary  complex  number. 
Remark.  Let  x/  be  a  complex,  semi-simple  Lie  algebra 

and  x/g  an  arbitrary  compact  form.  We  can  pick  a 

basis  for  xy  of  elements  l^L-i  0  p    and 

root  vectors  [X  .X  ^}^^n  such  that  J? fv  can  be 
written 

Jfw   -  E  Rr  Ah.  +  E  R(X~X  .)  +  £  Rc<£T(X+X  J , 
K   i«l      x   a?0    a  ~a    a?0       a  "a 

This  results  from  the  fact  that  for  any  two  compact 
real  forms  x/K  and  Jo  K  of  .x/  there  is  an  auto- 
morphism <r   (over  C)  of  x/  such  that  6~^k  * 
xy^  (this  fact  can  be  proved  in  a  manner  similar  to 
the  proof  of  Theorem  3  below) .  As  we  already  have 
a  basis  of  the  prescribed  form  for  one  compact  form 
-v£  we  see  that  x/v  can  be  written i 


$1   =  E  frftFl(T(h.)  +  E  R((TX„  -  <TX  J 
K   i»l         x    a^O     a     ~a 

+  E  R5^i(<TXw  +  crX  J 

We  now  prove  a  sharper  form  of  Theorem  2. 
Theorem  3.  Let  J&     be  a  semi-simple  Lie  algebra  over 
the  field  R  of  real  numbers.   Let  it  denote 
the  complexification  of  xx   and  0" 


.V 
t 


■   V    .    j       » 
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the  complex  conjugation  of  J^^     with  respect  to  X? . 
Then  there  is  a  compact  real  form  of  x/q  stable 
under  6" , 
Proof*   Let  U      be  a  real  form  of  -xX,  and  let  t 
denote  the  conjugation  of  .xZ,  with  respect  to  O. 
Then  U     is  stable  under  0"   just  in  case  (TV 
and  T(T   coincide  with  0^  on  u  ,      Now  o~T  and 
To~" ,  being  products  of  conjugations,  are  C-linear 


as  a 


maps  (in  fact,  they  are  automorphisms  of  X/( 
Lie  algebra  over  C)  and  so  they  are  determined  by 
their  values  on  0  —  a  real  form  of  ^n»  Thus  we 
have  O      stable  under  cr  if  and  only  if  (TtsT(r. 

Now  let  O      be  a  compact  real  form  of  X/q  and 
let  T  be  complex  conjugation  with  respect  to  & . 
We  will  demonstrate  the  existence  of  an  automorphism 
Q  in  Ad  J?Q     such  that  <r  {(WHct"1  -  QtQ"1-, 
Then  QO  is  the  desired  form  and  QrQ""1  is  the 
conjugation  of  Jj^     with  respect  to  Q&. 

Set  N  =  rT.   Then  N  is  an  automorphism  of 

i/c   (as  Lie  algebra).   Set  H(X,Y)  =  B(X,TY)   where 

X  and  Y  are  in  ^&„     and  B  is  the  Killing  form. 

H(X,Y)   is  an  Hermitian  form  and  is  negative  definite, 

since  it  is  negative  definite  on  &   ( Q   is  compact) . 

Furthermore, 

H(NX,Y)  =  B(NX,TY) 

=  BfX^^rY) 

=  B(X,T0~TY) 

■  H(X,NY)  , 


Tf 


't        I  ■'<  ■•    ■> 


-:■'...  •/»  -. 


■~   *«.  •   !■, 


•(V    ■ :■ 
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and  we  see  that  N  is  self-adjoint  with  respect  to 
the  definite  Hermitian  form  H,   Thus  N  has  real 
eigenvalues  and  is  semi- simple.  We  set  P  -  (N  )  '    , 
Then  ?t     is  in  Ad  Jl  0     for  all  real  t   (it  is  in 
Aut(^c,^yc)   since  Aut(x/ '  ^Jy 'c>   is  algebraic).   Thus 
P1/2  is  in  Ad  \. 
We  have 

1)  o-pV"1  -  cro-r<rT(r  =  P~2 

2)  o^cr""1  =  P""5  for  all  real  t,  as  may 

be  seen  by  comparing  the  power  series 

expansions  for  the  two  sides. 

Now 

^(pl/^p-1/2^-1  =  ^pl/Z^^j^t)  (cro^jP^/V 

-  ((rP1/V)(<rr}r((rr)"1(^p'"1/V) 

-   p""l/2   ]yjv£  j^-lpl/2 

We  will  show     p1/2^"1/2  =  P°1/2NTr1P1/2;   i.e, 

PTP"1  =   NTN"1   . 

This  amounts  to 

fl-lpTp-lN  _   ^ 

Since 

1)  (TPV4  =  p-* 

2)  TpV-1  -  P"* 

3)  NPtN"1  =  ^(rPV"1)^"1  -  o^P^V"1  m  pt, 

the  above  equation  becomes  — 
N-lpPr(  ^  r)  =  T 

N~1P2N~1T  =  T 


T   .. ",».'  <-> 


•   '      t 


-  V 


•;» 
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or        P2T=  N2?-. 


But  this  last  equation  is  known  to  be  true  since 
P2  ■  N2.  We  set  Q  ■  P1'2  and  we  have 

<r  (QTQ"1)^"*1  -  QTQ"1, 
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In  this  lecture  we  examine  the  topology  of  GL(n,R)  . 
We  write  GL(n,R)   for  the  group  of  non-singular   n  xn 
matrices  with  real  coefficients.   The  orthogonal  subgroup  is 
denoted  0(n,R)  .  Let  J{     be  the  set  of  all  real  symmetric  nxn 
matrices  and  P  the  set  of  positive  definite  symmetric  real 
nxn  matrices.  We  topologize  >d    as  a  linear  space  and  give  P 
the  relative  topology.   The  eigenvalues  of  elements  of  P  are 
all  positive  (this  is  easily  seen  from  the  fact  that  for  p  e  P 
there  exists  ere  0(n,R)  with   o"po~  equal  to  a  diagonal  matrix). 
Lemma  1  s  exp  :  J>  — ■ >  P  is  a  homeomorphism  of  JH   onto  P. 
Proof »  A)   The  map  exp  above  is  surjective. 

For  p  e  P  let  d  =  diag(\-,  , . . .  ,\  )  be  the  diagonal 
matrix  whose  non-zero  entries  \.   >  0  are  the  eigen- 
values of  p  .  We  may  write 

p  =  gdg   =  gd  g 
where  g  is  orthogonal.   Setting  X 
=  g(diag(logX1}. .. >log\n))g~   we  have: 

p  =  exp  X 
b)  The  map  exp  above  is  infective 
Let  P  3  p  =  exp  X-,  =  exp  Xp  with  Xt,X?  e  Jf . 
Both  X-,   and  X?  are  diagonalizable.  No  generality 
is  lost  in  assuming  X-,  =  diag(\-,, . . .  ,\  )  ,  X2 
=  g  diag(X-,  , . . .  >\    )g~      .   From  the  equation 

exp  diag(x15. . . ,Xn)  =  p  =  g(exp  diag(xx , . . . ,Xn) )g~ 
we  have  that  g  commutes  with  exp  diag(X-,  , . . .  ,\  )  • 


a       •       • 


' ;, 
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We  would  like  to  show  that  g  commutes  with  diag(X-.  , . . .  ,\  ) 
itself.  Write  g  =  (S-m)  •  We  have  seen 

g.  .e  J  =  e  g.  .     for  all  i,j 


whence',  g..  =  0  if  \.   ^  X.  .   Then 


.  =  0  if 

J  i  '   J 

sijXj  =  Xi  gij  for  a11  i,J 
and  we  have 

g  diag(A.1,X2,...  ,Xn)  =  diagtx^  , , . .  ,\n)g  > 

i  •  e  •  j  a^  =  -A_-i  • 

C)  To  see  that  exp  is  a  homeomorphism  we  first 
observe  that  it  is  continuous  (since  ^c     has  the  relative 
tape] qgy_ from  M(n,R)  -  the  full  matrix  ring).  P  is 
the  set  of  all  elements  erf  J    whose  principal  minors 
are  positive  and  thus  P  is  open  in  Jl   and  is  a 
manifold.  As  in  general  a  one-to-one  continuous  map  of 
one  manifold  onto  another  is  a  homeomorphism  ( by- 
invar  iance  of  domain)  we  have  the  desired  conclusion. 
Definition:  If  X  e  J  and  exp  X  e  P  we  call  X  the 

logarithm  of  p  =  exp  X.  We  write  X  =  log  p  and  the 

1/2 

map  p  — -i >  p  '  '  =  exp  1/2  log  p  is  a  homeomorphism  of 

P  onto  P  . 

Theorem:  The  map  (0:  0(n,R)  X'P  — i >  GL(n,R)   defined  by 

</?(k,p)  =  k-p 

for  k  e  0(n,R),  p  e  P  is  a  homeomorphism. 

Proof:  Let  g  =  k*p  .  Then 

2   t 

P  -  gg 
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from  which  we  deduce  p  =  (  gg)  '         and  k  =  gp"  \ 
in  particular,  (f    is  one— to-one. 

Given  g  e  GL(n,R)  we  choose  p  =  (  gg)  ''   and 
k  =  gp"   observing  that  tgg  is  symmetric  and  positive 
definite  —  the  positive  definiteness  follows  from  the 
formula 

<tggv,v>  =  <gv,gv>  >  0  if  v  ^  0 

where  <  ,  >  denotes  the  standard  positive  definite 

n  t 

inner  product  in  R  .  Since   gg  has  all  its  eigen- 
values positive  p  =  (  gg)  '  '   is  defined  and  (f   is 
seen  to  be  onto. 

Observing  that  p  and  k  are  continuous  functions 
of  g  we  see  that  ^  is  a  homeomorphism. 
We  have  shown  that  GL(n,R)  =  0(n,R)  *P  topologically  — 
in  particular,  GL(n,R)   is  topologically  the  product  of  a  compact 
space  with  a  euclidean  space. 

Lemma  2 :  Let  G  be  an  algebraic  subgroup  of  GL(n,R)  with 
G  -^G"-  [gf^g  e  G)  .   Then 

G  =  [GO0(n,R)]-(GOP) 
Proof:  Let  g  e  G  .   Then   gg  e  G  and  is  a  diagonalizable 
element  with  positive  eigenvalues.  Hence  p  =  (  gg)  '' 
is  in  G  and  k  =  gp~   is  in  G  .  This,  together 
with  the  Theorem  above  proves  the  lemma. 
Remark:  The  result  of  the  above  lemma  goes  through  when  G 

is  the  connected  component  of  the  identiey  in  an  algebraic 
group. 
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Definition:  We  call  k  and  p  the  Cartan  components  of  g  . 
We  consider,  now  a  special  case  of  the  above  situation.  Let 
Jb   be  a  real  semi-simple  Lie  algebra.  Let  Jj~     be  its  complexi- 
fication  and  cr  the  complex  conjugation  of  JJQ     with  respect  to 
^b .  Let  ^Ur,     be  a  compact  real  form  of  -oL  stable  under  cr  . 
Then  J~~Z  Ju/is  the  set  of  vectors  in  ^  corresponding  to  the 
eigenvalue  -1  for  p   .  Thus 

where  the  sum  on  the  right  is  direct  (as  vector  spaces  over  R). 
Let  V    be  the  conjugation  of  -Qq  with  respect  to  xL  .  Then, 
by  the  same  argument  {t  Aj   ■  Jd) 

A-  (i/04  )  +  [Jb n/=z£K) 

again  a  direct  sum  as  vector  spaces  over  R  and  [ ij f\  kr ,  Ju  /)/-X  -Ar3 

c  hi\f*\  • 

Lemma  3 :  The  Lie  algebra  ad  ^  can  be  considered  as  a  Lie 
algebra  of  matrices  stable  under  transpose. 
Proof:  We  must  find  on  Jb    a  positive  definite  inner 
product  (or  a  positive-definite  quadratic  form)  with 
respect  to  which  ad>c  is  a  self-ad joint  family. 

For  X  e  Jj  we  write  X  =  X  +  Y  with  Y  e  J)  0  Jj^ 
and  Z  zjj  (\  J~^X     Jj^   .  We  define 

H(X,X)  =  -B(Y,Y)  +  B(Z,Z)   . 

H(X,X)  is  well  defined  and  positive-definite. 

For  x  e  ad  Jj    let   x  be  the  adjoint  of  x  with 
respect  to  H  \   i.e. , 
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H(xu,v)  =  Hfu^xv) 

where  H(u,v)  is  the  bilinear  form  corresponding  to 

the  quadratic  form  H  defined  above*  viz.,  H(u,v) 

»  H(u+v)  -  Hu  -  Hv  .  In  this  case  we  have  H(X-,,X2) 

*  »2B(Y1,Y2)  +  2B(Z1,Z2)   . 

We  claim  that  x  e  adij   implies   x  eadif  . 

First  observe  that  for  Y  e  Jj  f\  A,  we  have   adY 

=  ~adY  and  for  Z  e  yfc7/)  /^T  ij „  we  have   (adz)  »  adz 

The  proofs  are  straight  forward.  As  the  sum  of  two 

self -ad joint  families 

ad  ~h    is  itself  self -  adjoint 

Thus  ad  h  is  represented  as  a  family  of  matrices 
closed  under  transpose  and  the  adjoint  group  Ad^r  is 
stable  under  transpose.  From  the  considerations  above 
we  see  that  k&Jj  can  be  written: 

Adi=  (Adi^O).(Adi/  OP)  . 
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We  know  that  the  adjoint  group,  G,   of  a  semi-simple  analytic 
group  may  be  written  topologically  as  G  =  K  x  E   where  K  is 
a  compact  subgroup  and  E  a  euclidean  space.  We  are  now  going 
to  see  how  this  result  can  be  made  to  bear  on  an  arbitrary  semi- 
simple  analytic  group. 

If  G  is  an  arbitrary  analytic  group,  then  the  adjoint  group 
of  G  is  by  definition  Ad  G  =  {Ad  x*  x  e  G}-where  Ad  x  is  the 
differential  at  1  (the  identity  in  G)  of  the  inner  automorphism 
rxsg— >x"Xgx. 

Proposition  1  The  kernel  of  the  adjoint  representation  Ad 
is  the  center  of  G. 
Proof  , Identifying  G  with  the  tangent  space  to  G  at  1, 
we  argue  as  follows : 

If  Ad  x(X)  =  X  for  all  X  e  G  then 
eAd  x(X)  m   x-leXx  m   eX 

Thus  x  commutes  with  all  elements  in  a 
neighborhood  of  1.   Since  G  is  connected 
we  have  xy  =  yx  for  all  y  e  G  and 
x  e  Z(G)  -  center  of  G. 

If  x  e  Z(G)  we  have  Ad  x  =  differential 

at  1  of  the  identity  map*,  and  hence  Ad  x  = 
=  the  identity. 

Thus  Ad  G  =  G/Z(G). 

Corollary,  If  G  is  semi-simple  then  Z(G)   is  discrete 
Proof  First,  we  observe  that  Z(G)   is  closed  and  it  is 
certainly  normal  and  solvable  (in  fact-abelian). 
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The  connected  component  of   {1}  in  Z(G)   is  also 
closed  and  since  G  admits  no  connected,  normal, 
solvable  subgroups  other  than   {1}  we  have 
{1}  =  connected  component  of  the  identity  in  Z(G). 
Since  Z(G)  is  a  closed  subgroup  of  an  analytic  group 
it  is  a  Lie  group  and  the  connected  component   {1}  is 
thus  openin  Z(G). 

The  canonical  map  G™>  G/Z(G)  =  Ad(G)  is  a  covering  map. 
We  diverge  for  a  few  moments  to  look  at  a  slightly  more  general 
situation,  which  we  will  have  occasion  to  meet  many  times  in  the 
succeeding  lectures.   Let  G  be  an  analytic  group.   Let  C  be 
a  closed  subgroup  and  let  C-,  be  the  connected  component  of  1 
in  0*     The  canonical  map  7c:G/C-j  — >  G/C  is  a  covering  map. 
We  have  the  commutative  diagram 


where  ^  is  a  homeomorphism.   As  C/C-,   is  discrete  we  see  that 

n     is  a  local  homeomorphism.  )   The  map  R  ixC-,   — i >  xC-,  c  where 

c  e  C  maps  G/C-,   onto  itself,  and,  as   C-,   is  normal  in  C, 

we  may  write  xC-,c  =  xcC-,  ,  and  we  see  that  R   commutes  with  n. 

We  have  R     ■  R   o  R    and  the  group   (R  *  c  e  C},  which  is 
clc2    c2    Cl 

isomorphic  to  C/C-,   is  the  group  of  deck  transformations  of  the 
covering. 
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Returning  to  the  case  at  hand,  let  G  be  a  semi-simple 

A 

analytic  group.   We  have  Ad  G  =  K  *  E.   Let  K  be  the  inverse 

image  of  K  with  respect  to  the  covering  n:G   — >  G/Z(G)  =  Ad(G)  -  K  X-JE. 

There  is  a  homeomorphism  a  which  makes  the  following  diagram 
commutative : 


G  —M->  Ad  G 


A 


»W 


G/K  — 2L>  Ad  G/K  . 


A 


From  the  above  discussion  we  have,  where  K-,  =  connected  component 

A  A  A 

of  1     in     K,      that  the  group  of  deck  transformations   of     G/K-,   — >  G/K 

A   A  s\ 

is  K/K.,.   But  since  G/K  ~  Ad  G/K  ~  E,  which  is  simply-connected, 

A  K  A 

K  =  K-,  *,   i.e.,   K  is  connected. 

A  A 

We  now  show  how  we  can  choose  E  in  G  such  that  Ad:E  — >  E 

A      *  * 

is  a  homeomorphism  and  G  =  K  ><  E   (topologically) .   Take  E 

-1 
to  be  the  connected  component  of  1  in  Ad   (E).   Since  E  is  a 

covering  space  of  the  euclidean  space  E,  it  is  a  one-to-one 

covering*  i.  e.  the  covering  map  is  a  homeomorphism.   Consider 

A     A 

the  map  K  X  E  — >  G  given  by   (k,e)  — ■ >  ke.   We  claim  that 
this  map  is  one-to-one  —  ^iei  =  ^oeo     implies  Ad  k-.  Ad  e-.  = 
=  Ad  kpAd  e'      therefore,   Ad  k-,  =  Ad  k~  and  Ad  e-.  =  Ad  e?. 

A 

Since  Ad  is  one-to-one  on  E  we  have  e-,  =  e?  and  then 

k-,  =  k~.   The  map  can  also  be  seen  to  be  surjective  by  looking 

at  the  diagram 
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A 


E  _->  G  — >  G/K 

onto  \        11 

E     >Ad  G  — >  Ad  G/K 


f 


onto 

K  .A 

to  show  that  the  map  E  — >  G/K  is  onto.   Thus,  given  any 

A  A         A. 

g  e  G,  there  is  an  element  e  e   E  such  that  the  coset  Kg  =  Ke, 

A.  *  K 

i.  e.  ,  g  =  ke  with  k  e  K.   Thus  K/E  is  homeomorphic  by 
the  above  map  to  G  and  we  state  the  result : 

Theorem  The  semi-simple  analytic  group  G  has  the  form 

A        A  *\ 

G  =  K  *  E   (topologically  where  E  is  homeomorphic 

A 

to  euclidean  space  and  K  is  a  covering  group  of  a 
compact  group. 

We  will  study  compact  semi-simple  groups  and  their  coverings  in 
detail  -  the  above  theorem  suggests  the  importance  of  such 
information  to  the  general  theory  of  semi-simple  groups. 
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We  nsw  study  compact  semi-simple  analytic  groups. 

Definition  Let  G  be  an  analytic  group.   An  element  x 
in  G  is  called  regular  if  and  only  if  Ad  x  has  1 
as  an  eigenvalue  with  the  minimum  possible  multiplicity. 
More  explicitly,  let  r  be  the  largest  positive  integer 
so  that   (A^.1)   divides  det(Ad  x~M  •  For  any  element 
x,   let  ,a{x)     be  the  multiplicity  of  1  as  an  eigenvalue 
in  Ad  x.   We  call  x  regular,  then,  if  fi(x)   =  r. 
We  say  x  is  singular  if  #(x)  >  r 

Remark  det(Ad  x-M  =  S   (7w.l)n~kC,  (x).   Thus,  for  any 
~   "  k=0         K 

neighborhood  U  of  1  in  G  we  have  inf.  /i(x)  •- 

X£U 

=  inf  /i(x).   Then  we  can  determine  r  by  looking 

xeG 
only  at  a  neighborhood  of  1.   For ^^^Jk^^ 

neighborhood  U     of  0  in  G  /i(eau  X)   ^s  th^i 

•i 
multiplicity  of  0  as  an  eigenvr^  j_n  acj_  x  %&& 

Ad  exp  X  =  ed   .   Thus   r  =  ran,  G.   N0tQ   JAJ- ^-s 

not  in  general  the  case  that  exp  ^  is  regular  iff   G 

when  X  is  regular  in  G. 

Proposition  1  Let  T  be  an  analytic  SUDgroup  of  the 

compact  semi-simple  analytic  grcup  G.   The  Lie  alg£bra 

.  » 

T  is  a  Cartan  subalgebra  of  Q    ^    an^  only  if  T 

is  a  maximal  connected  abelian'  subgroup  of  G. 

Proof   (— >)  Assume  T  is  a  Ca~tan  subalgebra.   Then 

« 

T     is   abelian  and  maximal  n^xrvot/aiit;—  JHe^ce  it  is.^ 

r 


I 


H^ 
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maximal  abelian  subalgebra.   Thus  T  is  a  maximal  connected 
abelian  analytic  subgroup.   As  any  abelian  connected  subgroup  A 
is  contained  in  a  maximal  abelian  connected  subgroup  M,   and 
M  ■  M,  whence  M  is  analytic,  it  follows  that  T  is  a  maximal 
connected  abelian  subgroup  of  G. 

("  Given  that  T  is  a  maximal  connected  abelian  subgroup,  we 
argue  as  above  that  it  is  a  maximal  connected  abelian  analytic 
subgroup.   Thus  T  is  a  maximal  abelian  subalgebra  of  G 

The  killing  form  of  G  is  negative-definite  and  adjoint 
invariant*  thus,  if  V  is  a  subspace  of  G  stable  under  Ad  T 
then  the  orthogonal  complement  (with  respect  to  the  Killing  form) 
V    is  ad  T  invariant  also.   In  particular,  let  T   be  the 
orthogonol  complement  to  T  and  let  N  be  the  nomalizer  of  T. 
We  have 


•   « 


[T,  T^n  N]  C  T  0  TL  =  (0) 

and  N  =  T-  +  N  H  T  x  =  T.   Thus  T  is  maximal  abelian  and 

•    •      . 

T  -   N  so  T  is  a  Cartan  subalgebra. 

Note  T,  being  a  closed  subgroup  of  the  compact  group  G,   is 

itself  compact  and  abelian  and  is  thus  a  direct  product  of  circle 
groups',  i.  e.   T  is  isomorphic  (as  Lie  group)  to  a  direct 
product  of  finitely  many  copies  of  R/z  where  R  =  real 
numbers  and  Z  =  the  additive  subgroup  of  integers.   Such 
a  group  is  called  a  torqid.  The  above  proposition  may  be 
read  to  assert  that  the  Cartan  subalgebras  in  G  are  the 
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Lie  algebras  of  maximal  tori  of  G. 

Definition  Let  G  be  a  compact  analytic  group.   Let  T  be 
a  maximal  toroid  in  G.   We  define  the  diagram  S(G) 
to  be  the  set  of  singular  elements  in  T.   We  will  see 
later  that  this  definition  is  independent  of  the  choice 
of  T. 

Let  T  be  the  Lie  algebra  of  the  maximal  toroid  T.   Since 
exp(a+b)  =  (exp  a)(exp  b)  when  a  and  b  commute,  exp  is  a 
homomorphism  of  T  onto  T~~  as  it  is,  in  general,  a  local 
homeomorphism  we  can  identify  the  pair   (T,  exp)  with  the 
simply-connected  covering  group  of  T.   Specification  of  S(G) 

is  equivalent  to  the  specification  of  exp~  S(G)  A  T  and  of 

—1      * 
the  set   (exp"  1)  f\    T.   We  also  refer  to  this  latter  information 

as  the  diagram  of  G   denoting  T  f\   exp-'SfG)  by  D(G). 

Lemma  Let  G  be  a  compact  semi-simple  analytic  group 

Of 

and  let  -^       denote  the  complexification  of  G.   Let 

H  denote  complexification  of  the  Cartan  subalgebra 

• 

T,  where  T  is  a  fixed  maximal  toroid  in  G.   For 

any  root  a     on  K  let  P  w  denote  the  subset  of 

a, ,  n 

elements  h  of  T  such  that  o;(h)  =  2n  rf~   n. 

Then  D(G)   is  the  union  of  all  the   P     for  all 
roots  c:  and  all  integers  n. 
Proof  Note  first  that  any  root  a  takes  on  purely 

imaginary  values  on  T,   since  ad  h  is  skew-symmetric 
with  respect  to  the  killing  form.   The  abelian  family 
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of  semi-simple   endomorphisms      {ad  tt}n/u     can  t>e 
simultanuously     diagonalized  and 

Ad  exp  h  =   diag(...,e  , ...) 

a  ranging  over  all  roots.   The  element  exp  h  of  G 
is  singular  if  and  only  If  o:(h)  =  2Tcin  for  some 

a  and  some  n;  i.  e.,  h  e  D(G)   if  and  only  if 
a(h)  =  27tin  for  some  a  and  some  n. 

Remark  For  x  e  G  denote  the  centralizer  of  x  by  Gx. 

The  codimension  of  Gx  in  G  is  always  even  for  we 

x       *x 

have  dim  G  =  dim  G  =  the  number  of  fixed  points  of 

Ad  x  =  dimensixai_af_.the.„jaigenspace  of  Ad  x  correspond- 
ing to  the  eigenvalue  1.   Now  Ad  x  is  orthogonal  with 
respect  to  the  Killing  form  which  is  negative  definite 
and  det  Ad  x  =  l-hence(-l)   cannot  occur  an  odd  number 
of  times  as  an  eigenvalue  (Ad  x  in  triangular  form  is 


AdX  = 


'±1, 

-1 


■il 


aa 


bb 


and  so  -1  occurs  an  even  number  of  times).   As  the  other  eigenvalues 
occur  in  pairs  (complex-conjugates)  we  see  dim  G  ~  dim  Gx  is  even. 
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In  particllar,  if  x  is  singular  dim  G  >  rank  G  +  2, 

since  rank  G  =  inf  dim  G  . 

xeG 


Remark  We  shall  call  P    f,a  singular  plane"  in  T. 

D(G)   is  thus  the  union  of  the  singular  planes  in  T. 
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We  continue  our  discussion  of  compact  semi-simple  analytic 
groups.   In  Lemma  1  and  Theorem  1  below,  G  is  assumed  to  have 
these  properties.   Thereafter,  it  becomes  convenient  to  assume 
that  G  is  the  covering  group  of  such  a  group.   In  the  end  it 
will  turn  out  that  it(G)   is  finite  and  that  G  is  compact  after 
all. 

Lemma  1 .'  Let  S  be  the  set  of  singular  elements  in  T  and 
let  G(S)   be  the  orbit  of  S  under  T  .   Then  G  -  G(S) 
is  connected  and  tu(G)  =  tu(G  -  G(S))  . 
Proof:  S  is  a  finite  union  of  submanifolds  in  T  of 
codim  =  1  .   For  each  x  e  S  ,  the  orbit  Gx  has  a 
dimension  equal  to  dim  G/qx  <  G/<p~2  .   Therefore 

dim  G(S)  <  dim  S  +  dim  G/t~2 

<  dim  T  -  1  +  dim  G/t~2 

<  dim  G  -  3 

Since  codimG(S)  >  1  we  have  G  -  G(S)   connected. 

Because  G  -  G(S)   is  a  finite  union  of  submanifolds  each 

of  codimension  at  least  3  ,  we  can  conclude  ti-j(G) 

=  n±(G   -  G(S))  . 
Note:  The  last  statement  can  be  proved  by  induction  on  the 

number  of  submanifolds  removed  from  G  in  forming  G  -  G(S)  . 
Theorem  1 :  Every  element  in  G  is  conjugate  to  an  element 

of  T  • 
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Proof:   Consider  the  map  V  :  Gx(T  -  S)  — ■ >  G  -  G(S)   given 
by  f (g>x)  =  gxg~   .   By  our  previous  computations  for 
complex  semi-simple  Lie  algebras  we  can  say  that  the  rank 
of  y     is  the  dimension  of  G  .   It  follows  that  the 
image  of  f  is  open  and  it  is  also  closed  because   (T-S) 
is  closed  in  G  -  G(S)  and  G  is  compact.   Hence  *f  is 
onto. 

The  orbit  of  T  under  G  contains  G  -  G(S)  and 
is  closed  in  G  .  As  the  closure  of  G  -  G(S)   is  G 
we  see  that  the  orbit  of  T  under  G  is  G  itself. 
The  results  of  the  previous  discussion  of  compact  semi-simple 
analytic  groups  may  be  formulated  and  proved  for  a  covering  group 
G  of  such  a  group.  We  assume  hereafter  that  G  is  an  analytic 
group  which  covers  a  compact  semi-simple  analytic  group.   For 
example ,  we  have : 

Theorem  1  :  Let  the  analytic  group  G  be  a  covering  group 
of  the  compact  semi-simple  analytic  group  G   .  .  Let  T 

T  t 

be  a  covering  of  a  toroid  T  in  G     Then  every 
element  of  G  is  conjugate  to  an  element  in  T  . 

Since  S(G)   covers  S(G  )  ,  we  have  dim  G(S) 
<  dim  G-3  aad  G  •■■  ■*[#)    , 
Proof:  -Consider  the  map 

f  :  G  \(T  -  S)  — >  G  -  G(S) 

defined  by  (f(g,h)  =  exp  Adg(h)  .   The  image  of  (P  is 
open  since  rank  (f  -   dim  G  . 
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To  show  that  the  image  of  cO     is  al30  closed -we 
argue  as  follows" 

(T-S)   goes  into  the  complement  of  the  singular  elemental 
and  the  map  f    factors  through  Ad  Gx  (T-S)   as  indicated 

by  the  diagrams 

ip 

G*  (T-S) 

\ 


Ad  G  X(f-S)  X 
where   if?  Ad  Gx  (T-S)  — >  G  -=■  G(S)   is  defined  by 
y?(g,h)  -  exp  g(h)  .   The  image  of  if    is  the  image  of  Jo 
which  is  closed  since  Ad  G  is  compact  and  T-S  is 
closed  in  G  -  G(S)  . 

The  rest. of  the  argument  is  just  like  that  of 
Theorem  1. 
Corollary  It      T  contains  Z(G)  . 
Corollary  2t      G/T  is  simply  connected  and  compact 

Proofs ..  -Let   (G,ir)   be  the  simply-connected  covering  group 
Let  T  be. the  analytic  subgroup  such  that  7r(T)  =  T  . 
Then 

G/T  =  VT-1(T,  =  3/f.r-l(1,   =  S/T 

and  G/T  ,  being  a  simply-connected  group  modulo  a 
connected  subgroup,  is  simply  connected.   By  Corollary  1, 
G/T  is  a  continuous  image  if  G/Z(G)  =  Ad  G  ,  and  thus 
G/T  is  compact. 


\  - 
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Corollary  3S   If  T\   and  T^  are  analytic  subgroups  with 
Ad  T-,   and  Ad  T2  maximal  toroids  (as  usual  we  let 
Ad  denote  the  adjoint  representation  AdsG  — >  Ad(G)  , 
then  T\   and  T2  are  conjugate  under  an  inner  auto- 
morphism of  G  . 
Proof"   Let  T  be  any  analytic  subgroup  of  G  with  Ad  T 
a  maximal  toroid  in  Ad  G  .   Let  x  be  a  regular  element 
in  T  .   Then  T  is  the  connected  component  of  the 
identity  in  Gx  .   The  result  now  follows  from  the  theorem, 

Corollary  4»  The  diagram  D(G)   is  independent  of  the  choice 
of  T  . 
Proofs  An  inner  automorphism  does  not  change  the  eigen- 
values of  an  element  and  carries  singular  planes  into 
singular  planes.  , 

Corollary  5«   G(S) .  is  the  set  of  singular  elements  in  G  . 
G(T-S)   is  the  set  of  regular  elements  in  G  . 

Notations  We  write  Gr  for  G(T-S)  =  G  -  G(S)  =  the  set  of 
regular  elements  in  the  analytic  group  G  (where  Ad  G 
is  compact) . 

Corollary  6s  The  maximal  toroids  in  a  compact  Lie  group  G 
are  conjugate  under  an  inner  automorphism. 
Proofs   Clearly  it  suffices  to  assume  G  connected.  Since 
Z-,  ,  the  connected  component  of  the  identity  in  the 
center  of  G  9   lies  in  every  maximal  toroid,  we  may  pass 
to  the  quotient  group  G/Z-,  ,  which  is  a  compact  analytic 
semi-simple  group.   Corollary  6  now  follows  from. 
Corollary  3. 
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Note :   The  foregoing  proof  uses  the  fact  that  the  radical  of 

a  compact  analytic  group  is  central.   This  in  turn  is  a 

special  case  of  the  more  general  fact : 
Exercise  •     A  normal  toroid  in  an  analytic  group  is  central. 
(Hint!  Lift  the  inner  automorphisms  of  the  toroid  to  its 

simply  connected  covering  group  and  observe  that  the 

elements  of  the  kernel  are  left  fixed.) 
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W©  introduce  the  group  N  ,  which  will  relate  the  fundamental 

group  of  G   to  the  diagram  of  G  in  an  explicit  way. 

Definition:   Let  A  and  B  be  sets  and  let  N  be  a  group  opera- 

ci:i_  in  A  on  the  on  the  right  and  in  B  on  the  left.  Then  A*-E 

is  the  set  of  equivalence  classes  of  A*B  taken  with  respect 

to  the  equivalence  relation 

(an,b)  s  (a,nb) 

that  is,   A  *   B  is  the  set  of  orbits   {(an"*,nb);  n  e  Nj  . 

N 
If  A  and  B  are  topological  then  A  *    B  has  a 

N 
canonical  topological  structure  which  is  separated  if 

the  above  N-orbits  are  closed.   If  moreover  A  is  a 
principal  N=bundle ,  then  A  ft  B  is  a  bundle  over  A/N 
with  fiber  B  . 

Let  T  be  an  analytic  subgroup  of  G  such  that 
Ad  T  is  a  maximal  toroid  in  Ad  G  .   Let  N(T)   denote 
Lhe  normal izer  of  T  in  G  . 
Lemma  1 :   For  any  g  e  N(T)  ,  let  9  denote  the  map  assigning 
to  g  the  restriction  to  T  of  the  inner  automorphism 
T   :  x  -— >  g  xg"   .   Then  6  is  a  homomorphism  with 
kernel  T  . 
Proof:  That  9  is  a  homomorphism  is  clear.   It  remains 
to  prove  that  Ker  9  =  T  .   In  as  much  as  Ker  0JT 
3  Z(G)  ,  no  generality  is  lost  in  dividing  out   Z(G)  *, 
thus  we  may  assume  hereafter  that  G  and  T  are  compact. 
Our  problem  is  to  prove  that  T  is  a  maximal  abelian 
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subgroup  of  G  . 

Suppose  b   is  an  element  with  bt  =  tb  for  all 
t  E  T.   Then  b   is  in  the  center  of  Z(b)  ,  the 
centralizer  of  b  ,  and  T  C  Z(b)  .   By  Theorem  1  of 
XXXV,   b  lies  in  the  connected  component  of  the  identity 
in  Z(b)  ,  and  hence  by  ibjld.  Corollary  1,  in  every 
maximal  toroid  of  Z(b)  .   In  as  much  as  T  is  a 
maximal  toroid  in  Z(b)  ,  we  have  b  e  T  .   Thus 
Ker  0  =  T  . 
Lemma_  2 :  The  adjoint  representation  maps  N(T)   into  the 

Weyl  group  of  the  complexification  of  G  and  induces 
an  isomorphism  N(T)/T  =  W(G®  <C  )  . 
Proof:  W(G  0   (C  )   operates  transitively  on  the  Weyl 
chambers  of  /-I  T  (the  root  vectors  of  T  are  pure 
imaginary).   Let  C  be  a  fixed  chamber.   C  is  defined 
by  qu  >  0,  . . . ,  a  >  0  where  a-,  , . . . ,  a   is  a 

* 

fundamental  system  of  roots  for  G  .   Given  n  £  N{T)  , 
we  want  to  show  that  Ad  n  restricted  to  /-l  T  , 
denoted   Ad  n  |/~L  f  ,   is  in  W(G  ©  CD  )  .   No 
generality  is  lost  in  assuming  Ad  n(C)  =  C  and 
Ad  n(hn)  =  h-,   where  a.  (h-,)  =1   (i  =  l,2,...,n)  . 

Take  x^  =  n  •  exp  c  h-,  .   Ad  n  permutes  a-.  ,  ou  , . . . 
. ..,  a   and  permutes  the  roots.  Writing  the  latter  per- 
mutation as  a  product  of  disjoint  cycles,  consider  the 
cycle 

d  Ad  ix  0  Ad  n.  0  Adjv     Adii  D  AdjL  0 
P]_   ^>  P2 Po    >  •  •  •  — ^>  p^— ■ — ^>  [3-^ 
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If  k  ^  1  ,  then  Ad(n«exp  ch-,  )   has  no  eigenvalue  equal 

to  1  on  the  span  ReQ   +  ...  +  Rea      .   If,  however, 

Pi  pk 

we  have   Ad  n(t8)  =  0,  then 

Ad(n-exp  ch^e-  =  ec!3(hl)  Ad  n(e  ) 

and  p(h-.  )  ^  0  .   So  for  a  general   c  ,  Ad  (n  exp  ch.  ) 
has  no  eigenvalue  equal  to  1  on    S    ReR  .   Ad  n 

has  eigenvalue  1  with  multiplicity  r  on  /-l  T  .   It 
follows  that  Ad  n(h)  =  h  for  all  h  e  /^T  T  and 
Ad  njT  is  contained  in  W(G  ®  (C  )  .   That  the  mapping 
of  N(T)   into  W(G®(D)   is  surjective  follows  from 
the  explicit  form  of  the  inner  automorphisms  inducing 
the  Weyl  reflections",  e.g.,  they  can  be  taken  from  any 
compact  real  form  of  G  (x)  £.  (cf.  Remark  following 
Theorem  2  of  Lecture  XXX  and  Proposition,  Lecture  XXIX). 
Exercise :   The  group  of  outer  automorphisms  AutJj/Adh   is 
isomorphic  to  the  group  of  automorphisms  of  the  Dynkin 
diagram 


Set  N  =  0(N(T))  .   Let  N  denote  the  group  of  all 
transformations  of  T  which  lies  over  the  elements 
of  N  .   That  is,   tf  e  N  if  and  only  if  the  following 
diagram  is  commutative. 

if 

T  - >  T 

exp  exp 

v 
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for  some  cf e   N  .  Let   p  denote  the  homomorphism 

Y  = — >  if  of  N  onto  N  . 

Let  N(T)  operate  on  G/T  by  right  translation 

and  on  T  via  0  .   The  induced  operations  of  N  on 

G/T  and  T  -  S  allow  us  to  form   G/T  ^  T-S  and 

N 

also  G/T  x  T-D(G)  in  the  natural  way.  It  should  be 
N 

observed  that  G/T  is  a  principal  N  bundle. 

Proposition:  G^  -  G/T  x   (T-S)  -  G/T  X   (T-D(G)) 

r       N  N 

Proofs :  Consider  the  map   f  :  G  x  (T-S)  ~>  Gr  defined 

above  *,  i.e., 

<t(g>t)   -  gtg"1  • 
For  any  n  e  N(T)  we  have 

-1  -1         -1 
if  (gn,t)  -  gntn  xg   -  f(g,ntn   )  . 

Hence   <f  factors  — 

G  *(T-S) 


G/T  /(T-S) 

N 

with  (f  surjective  (by  Corollary  5  of  XXXV).  if  is 
also  infective  since 

Sl*Xsl"  =  s21j2s2"     implies 

(g2"1S1)t1(S2"18l'   =  t2  » 
whence  g2~  gx  e  N(T)  and  (g^t-^  -  (ggv^  ^^l' 
'v^2,'t2^  *  Since  M(  is  a  one-to-one  continuous 
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mapping  of  separable  locally  compact  spaces  it  is  a 

homeomorphism.  We  have  the  first  part  of  the  equation. 

The  proof  of  the  second  part  is  similar.  We 

consider  tha  map   y :  G  ?  T  -  D(G)  — i >  G/T  *  T-S 

1  N 

defined  by 

ip(gjh)  =  (gT,  exp  h)  mod  N 

i.e.,   y/(g,h)   is  the  element  of  G/T  *  T-S  which 

contains   (gT,  exp  h)  .  For  any  n  e  N(T)  and  for  any 

n  e  N  such  that  f(n)  ■  6(n)  ,  we  see 

if>(gn,h)  -  y{g,   Ad  n(h))  -  y(g,n(h))  . 

Thus  if  induces  a  map   £  :  G/T  &  (T~D(G))  — i >  G/T  *    (T-S)  . 
Given  ni>n2  e  N(T)  and  n^siL  e  N  with  ^(n-0  «  8(n-,)> 

p(n2)  -  9(n2)  ,  we  conclude  from  lp(g,  n,  h)  ■ 
**f(g,  n2  h)  that  ^(gn-^  h)  =  ip(gn2,  h)  ,  that  6(1^) 
=9(n2)  ?  and  hence  p(n-,  )  =  ff**?)  "  ^nus  ^f  is  infective. 
It  is  now  clear  that  (Z    is  a  homeomorphism. 
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We  are  now  ready  to  discuss  the  fundamental  group  of  the 
semi-simple  analytic  group  G  whose  adjoint  group  Ad  G  is 
compact  (this  is  equivalent  to  saying  that  G  is  an  analytic 
group  which  covers  a  compact  semi-simple  analytic  group  G  ) . 
First  we  clarify  our  notation. 

T  is  an  analytic  subgroup  of  G  such  that  Ad  T  is  a 
maximal  toroid  and  T  is  its  Lie  algebra  in  G.   The  set  of 

-I  o 

singular  elements  in  T  is  denoted  by  S  and  D(G)  =  exp~  (S)  f\  T. 

cfh) 

The  singular  plane  Pv   =  fhth  £  T  and  orci   =  h^  contains 

an  element  h     perpendicular  to  P  n  (with  respect  to  the 

Euclidean  structure  defined  by  the  Killing  form).   We  define 

a  translation   jf     of  T#,  viz.,  %n   Ah.)   -   h  +  h   ■   We 

denote  by  r  _  the  reflection  in  the  plane  P„   .   Denote 
J        a ,n  r  a,n 

by  W  the  Weyl  group  of  the  group  G',   i.e.,  the  group  of 
transformation^  t>f     T  generated  by  the  r     (for  all  roots 
a  and  all  integers  n).   The  Weyl  group  W,  while  it  depends 
on  G  is  the  same  for  all  groups  with  Lie  algebra  G  since 
the  singular  plane  P     is  determined  by  Ad  G.   Let  Wn 
be  the  subgroup  ©C  W  keeping  0  fixed',  i.e.,  WQ  is  the 
subgroup  generated  by  r  n   (all  roots  a)   and  can  be 
identified  with  the  Weyl  group  of  the  Lie  algebra  G  <g)  (C  . 
N(T)   is  as  before  the  normalizer  of  Tin  G  and  N  is  the 
group  which  consists  of  the  restrictions  to  T  of  inner- 
automorphisms  by  elements  of  N.   We  denote  by  N,   the  set 
of  all  continuous  maps  of  T  which  cover  elements  of  N* 
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s^ 


i-  e.  ,  (f  £  N  if  and  only  if  there  is  a   ^£N  with  the 
following  diagram  commutative  ^ 


exp 


exp 


T  «^— >  T 


"V 


such  a  f  is  unique.   Denote  the  homomorphism  t  — ^ >  ^     by 
x>:N  — >  N.   we  can  reformulate  Lemma  2  of  Lecture  XXXVI  as 
follows : 
Lemma  1   N  is  isomorphic  to  Wq  under  the  map 

6  5  ^— >  d^ 

where  cL^t.  denotes  the  differential  of  *f  at  the 

identity  element, 

—1 
Since  exp  Ad  n(h)  =  n(exp  h)n    for  n^N  and  h  (~  T  we 

have 

Lemma  2  o    °  b     is  the  identity  on  N. 

We  conclude  the 

Corollary  N  =  W~°Ker  o   (semi—direct) 

Proof  Set  P  =  Ker  p.      Lemma  2  shows  that  every  element 
of  N  may  be  written  as  the  product  of  an  element  in 
§ (N)  -  Wq  with  an  element  in  r 

N©w   tf  £  r  if  and  only  if   /(h)  =  h  +  he  where 
exp(he)  =  1  =  identity  of  T.   Hence  W«  /]  p  =  the  identity 
and  we  have 

N  =  H-)"^1  (semi-direct) 
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We  remark  that  T     is  normal  in  N   (being  the  kernel  of  a 

homomorphism.   Also,  the  elements  of  N  are  rigid  motions 

as  the  elements  of  Wq  preserve  the  Killing  form  and 

the  elements  of  T    are  translations. 

We  define  the  group  V    to  be  the  group  of  transformations  of 

T  generated  by  the  translations   {  <     0    \   a  a  root  and  n  an 

integer}. 

Lemma,  J[ 

W  =  WQ*r   (semi-direct) 

Proof  We  certainly  have  Wq  C  W.   Now 

-1 

r    =  ?C     op    o  )f 
c,n    Ja,n    a,0   ua,n 

=  ra,0(ra,0  ^a3nra,0*  °.  *a,n 
=  ra,0( *f-a,n' °  *-a,n 

ra,0  ^a,~2n  , 

and  from  this  we  conclude  that  yf        on  E  W,  whence 
rCW,   and  ra  n  C  Wq'I"1  •   Since  T    is  a  normal  subgroup 
of  W  the  set  of  products  Wq'T  is  a  subgroup,   As  Wq'T 
contains  a  set  of  generators  for  W  we  see  Wq^T1  =  W. 
Furthermore  WQ  0  T  -    (1)   and  so  W  *  WQTi  (semi-direct). 

Len^a  4.   T  r  ?   and  W  C  N 

Proof:  The  second  assertion  follows  fi*om  the  first.   For 
that;~"~part  we  write : 


r 


a.O 


=  Ad^ 


T    : 


*.'     " 
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with  n  £[  N  and 

exp  ha>1.n  exp  -h^  =  n. 

Then 

n(exp  ha  ^tT     =  exp  ha  1< 

exP  Cra,0(htt,l,]  =  exP  ha,l  ' 

We  find  that 

exp  (-hajl)  =  exp(ha>1) 

and  so  exp  (2h_,  -,  )   is  the  identity.   It  follows  that 

2  t     -,  ^  I  and  hence  if      ?   is  contained  in  V  . 

~* 
Lemma  _  £.,  The  coset  space  N/W  is  of  finite  order. 

Proof  The  elements  of  N/W  =  Wq'I/Wq'T  are  in  one-to-one 

correspondence  with  these  of  the  set  T/T.      The  set  T/T 

is  finite  as  both  V     and  T       are  discrete  subgroups  of 

T  each  containing  a  basis  for  T. 

Proposition  Let  F   be  a  connected  component  in  T  -  D(G). 

Then 

a)  F  ia  a  fundamental  domain  for  the  action  of  W  in 
T  ~  D(G)«  i.  e. ,  the  mapping  ^  :W  *  f  — >  T  -  D(G) 
given  by 

^(w,h)  =  w(h) 

is  a  homeomorphism 

b)  If  G  is  simply-connected  W  =  N 
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c)   In  general  it,(G)  =  N/W 

A  proof  of  statement  a)  can  be  obtained  from  the  general 
theory  of  groups  generated  by  reflections.   We  prove  a)  here 
by  a  special  argument.   In  fact  we  prove  a)   and  b) 
simultaneously. 

Consider  the  following  sequence  of  (obvious)  maps: 

G/T  *  F  — >  G/T  *  (T  -  D(G))  — >  G/T  *  (T  -  d(G))  — I >  G/T  ^    (T  -  D(G)) 

r  W  N 

composing  the  first  two  maps,  we  get  the  sequence  of  covering  spaces 

(*)   G/T  *  F^  ~. >   G/T  *  (T  ~  D(G))  — i >  G/T  ^  (T  -  D(G)). 

r        W  N 

In  case  G  is  simply  connected,  then  so  is  G  = 

=  G/Tx^  (T  -  D(G))   (XXXV  -  Lemma  1)   and  hence 
N 

G/T  x  p  =  G/T  X  (T  -  D(G))  =  G/T  *_  (T  -  D(G)).   Thus  N  =  W 
r        W  N 

if  G  is  simply  connected.   Inasmuch  as  G/T  and  the  Weyl 

group  of  G  are  the  same  for  all  covering  groups  of  G,  we 

see  that  for  any  analytic  semi-simple  group  G  with  Ad  G 

compact  G/T  x  (T  -  D(G))   is  simply  connected. 

W 

It  is  clear  that  W  permutes  transitively  on  the  connected 
components  in  T  -  D(G).   Thus   T  -  D(G)  =  WF   and  from 

G/T  ;<  F^  -  G/T  x  WT 
r       W   r 

we  conclude  that  F   ia  a  fundamental  domain  for  W. 

c)   We  have   it,  (G)  =  it.  (G  -  G(S) )  =  n -,  (G  )  =  it,  (G/T  X  (T  -  D(G)). 

±       j.  J.  r     1     jj 
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As   G/T*  T  -  D(G)   is  simply  connected  we  have  n-,(G/Tx  (T  -  D(G)) 

W  N 

nj  •  . 

=  N/W,   the  covering  group  of  G/T  X  (T  ~  D(G))  — >  G/T*  (T  -  D(G)) 

W  N 

in   (*).   We  note  that  W  being  generated  by  reflections  is 

a  normal  subgroup  of  N. 

We  have  the  following  result  on  the  order  of  N/W  =  ti,  (G). 


Thepr_em_.  Let  F   be  a  connected  component  in  T  -  D(G). 

Then  the  number  of  elements  in  n-,{G)     is  the  number  of 

vertices  of  F   which  lie  in  exp  (1)   (i.  e. ,  in  the  kernel 

ot     exp:T  — - >  T). 

Proof  Since  the  F  »s  are  permuted  transitively  by  W, 
there  is  no  loss  of  generality  in  assuming  F   has. a 


vertex  at  0.   Let  N   be  the  subgroup  of  N  keeping 

F   invariant.   '4?hen  ¥  =  N*W  and  N*  f)   W  =  (the  identity) 

since  F   is  a  fundamental  domain  for  W. 

Consider  the  map  £:N*  — >  T  defined  by  f(n)  =  n(0). 
The  map  f  is  infective,  for  if  f(n-,)  =  f(np)   then 

f  (n^n2)  =  n^n2(0) 

=  n^n-^O) 

■  0  . 
Now  nT  np  is  the  lift  of  an  element  of  N  which  takes 
1  onto  1.   Since  vo(WQ)  =  N  it  follows  that  nT  n? 
differs  from  an  element  in  WQ  by  an  element  of  T  =   ker  x> 
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(which  consists  of  translations  of  T).   As  n~  ^(O)  =  0  the 
translation  must  be  the  identity  and  nT  n?  £  Wq.   Hence 

nl   2  ^  N'"  ^  W0  =  ^the  id*ntit^  and   ni  =  n2  ' 

Now  f(N*)   consists  of  vertices  of  Fr  and  f(N*)  Q 

C  exp"  (1)  /I  F  ,   Given  any  h  £  Te  n  F   we  know  that  the 


r 


translation  by  h,  tf,  ,  belongs  to  N.   Now  ?f,  F   has  0  as 

a  vertex.   Therefore,  we  can  find  w  (~  WQ  such  that  w  8T  F  =  F  . 

It  follows  that  wtfh~  and   K,w    are  contained  in  N   and 

so   ^hw"~  ^°^  =  h^  =  1{1     and  we  ^ave  Proveci  that  f  (N',N)  = 
=  exp^d)  f\   Fr. 

It  follows  that  the  number  of  elements  in  N'°  is  the  number 
of  elements  in  exp""  (1)  f)   F   which  is  the  number  of  vertices 

urn  1  '>"'  i'C 

of  F   belonging  to  exp"  (1).   Since  N  =  N**W  (semi-direct) 
the  number  of  elements  in  N'1'  is  the  order  of  N/W  =  tu  (G). 
Remark  The  region  F   is  a  simplex  with  A.  +  1  faces  (where 
JL  =  rank  G).   If  for  example,  we  take  for  F   the  region 
bounded  on  Ji    sides  by  the  planes   {Pa  o^i   1  2     J      for 

a-,  ,a? , . . .  ,cu  a  simple  system  of  roots,  then  the  last  side  is  on 
the  plane   Pg  -,   where  p  is  the  highest  root. 

The  reason  is  that  the  highest  root  p  =  £.  15-  o:.   has 
the  property:  For  any  eroot  p  =  S  m.  a.   we  have  m-,  >  nu  , 

Proof.  Let  xy  denote  the  complexification  of  the  Lie 
algebra  of  G.   and  let  C  denote  the  associative 
subalgebra  of  Hom(-v,^/)   that  is  generated  by  ad  %f» 
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Let  £+      (resp.  £_)   denote  the  subalgebras  of  cL     generated 

by  T  and  ad  x„  with   0  >  0   (resp.   0  <  0).  Clearly 

C  =  c  Cxj   where   ^  £  .   consists  of  sums  of  terms  of  the 
form  g*p  with  g  £  ^   and  p  £  £+  . 

Without  lost  of  generality,  we  may  assume  that  -</  is 

simple.   Then  y^/ =  c  x  n  =  f   x  n  is  spanned  by  root  vectors 

of  the  form  Xn  with  {_  =  0  -  n.c.-. .  .-n^a^  .  with  n^  >  0. 


1.  A  complex  analytic  semi-simple  group  has  a  finite 

covering  group 

(Hint:  consider  a  compact  real  form) 

2.  Any  representation  of  a  semi-simple  Lie  algebra  Jj 
over  a  field  K  of  characteristic  zero  is  fully 
reducible 

(Hint:   can  assume  K  C  ^   Consider  the  associate 
representation  of  a  compact  real  form  of 
Jfg)    <D  ). 


K 


LECTURE  XXXVIII  -  1  - 

We  now  take  up  the  study  of  the  topology  of  G/C  where  C  is 
a  closed  subgroup  of  the  analytic  group  G  .  We  will  follow  the 
account  in  Mejnoirs  of  the  American  Mathematical  Association,  Number  14, 
(1955)  by  G.D.  Mostow. 

Let  J{    be  the  linear  space  of  real  n  xn  symmetric  matrices. 
Denote  by  P  the  space  of  real  n  *  n  symmetric  positive  definite 
matrices.   On  Ji   we  introduce  the  bilinear  form  tr  XY  .   The 
eigenvalues  of  an  element  of  J±    being  real  we  have   (tr  XX)  >  0 
and  tr  XI  is  a  satire  positive  se.i-definite  biiinear  for,  en  J   . 

Let  ~yyf    be  the  space  of  all  nxn  real  matrices.   For  g  and 
X  in  ^Yr\    we  define  maps  Rx  ,  L^  ,  and  D^  of  "Tl^  into  itself  by: 


Rx    =   g- 

—>  gx 

Lx    :   g- 

— >  Xg 

Dx=  Lx 

"  Rx 

For  X  e  JS   we  define  the  map  Yx  :  J  —>  J    by: 


T  (Y)  =  «—.    exp  -X/2  exp(X+tY)  exp  -X/2  . 


xv  ;    dt't=0 

Lemma  l:  Tx  =  sinh(  x/2)/tw2  and  ^x  is  self~"adJoint  on  -*  • 
Proof:  Every  matrix  X  commutes  with  its  exponential*  i.e., 

X- (exp  X)  =  (exp  X) -X   . 

Let  X(t)  be  a  diff erentiable  path  in  ^o   .  Then 

X(t)-(exp  X(t))  =  (exp  X(t))-X(t)  , 

whence 

X-exp  X  +  X(exp  X)  =   (exp  X)-X  +  (exp  X)*X 
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X-exp  X  -  (exp  X)-X  =  (exp  X)-X  -  X  exp  X   . 
Multiplying  both  sides  of  the  last  equation  by  exp(~X/2)   on 
both  the  left  and  the  right  and  using   (exp(~X/2 ) ) -X  =  X.exp(-X/2) 
we  get 

X  exp(-x/2)expXexp(-X/2)  -  exp(-X/2 )  expXexp  ( -X/ 2 )X  = 
(exp  X/2)X  exp(-X/2)  -  (exp(~X/2))X  exp  X/2   . 


Thus, 


X  TX(X)    -   rx(X)X  =   e  X/2.eJ  X/2-X  -  e~  X/2-e  X/2.X 

X/2  -V2\y 


=    (e  A'*  -  e     A'*)X 

and  we  have 

DX(TX(X))   =    (e     X/2  -  e  X/2)X 

Whence  the  formula 

\  =  sinh(Dx/2)/Dx/2    . 

A  comparison  of  the  power  series  expansions  of   (TX(A))B 
and  A(rx(B))   shows 

tr[rx(A)}B]  =  tr[A{rx(B))] 

if  we  first  observe  that   (Dx)   restricted  to  J!     is  self-adjoint 
(  the   coefficients  of  even  power  terras  in  the  expansion  of 
sinh  are  all  equal  to  zero).  More  specifically,  we  have 

tr(DxA)B  +  tr  A(DXB)  =  0  ', 

t  t   2 

i.e.,   Dy  =  -D^  and   D^  =  D^2  ,  the  transpose  being  with 

respect  to  the  bilinear  form  tr  XI  . 


■"   V 
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Le mma_2 ;  tr(tY(Y))2  >  tr  Y2  for  all  X,Y  ei  . 


X 


Proof:  If  X  has  eigenvalues  \n  Aoj...,\   the  eigen- 
values  of  T„  are 

sinh(Xi/2  -  Xj/2)^  \±y2  -  Xj/2  >  1   . 

In  P  we  introduce  two  metrics  as  follows. 

Definition:  Let  (p(t)  be  a  diff erentiable  path  in  P  .   The 
Riemanniam  infinitessimal  length  is 

Ifflfi2  -  ^(f1  8)Z   =  trtf1/2  §  tT1/2}2   . 

For  any  path  f  in  P  defined  on  [a,b]  we  define 
Riemanniam  length  to  be 

eR(f)  =  J  |f|Rdt  . 

'a 

The  Euclidean  infinitessimal  length  is 

|£  |   -  tr(log<p) 
The  Euclidean  length  of  f  is  defined  by 

ps(f)  -  J   |f|  dt 

a     J 

Remark:  The  Riemannian  metric  is  invariant  under  the  map 

+• 
y  — ->  xy  x  ,  since 

and  this  is  the  action  of  GL(n,R)   on  quadratic  forms 
by  substitution. 
An  immediate  consequence  of  Lemma  2  is : 
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Lemna  2*:      |j||  <  |^|R2 

Proof  *  We  point  out  the  formula 

and  Lemma  2  gives 

|j>|R2  =  tr(rlQgp  (logf.))2  >  w(log  (?)2  =  !({. I j  . 

Def init ion :  A  geodesic  joining  the  points  p  and  q  of  P 

is  a  path  of  minimal  length  joining  p  and  q  . 
Lemma  3 :  There  is  a  unique  geodesic  joining  any  two  points 

Otf  P  .   The  geodesies  issuing  from  the  identity  are  the 

1 -parameter  subgroups. 
Proof:  Since  GL(n,R)   is  a  transitive  group  of  isometries, 

it  suffices  to  consider  paths  joining  the  identity  element 

I  ,  to  an  element  p  . 

Let  f  be  a  path  in  P  with  f(0)  »  I  ,  f(l)  =  p  . 

For  an  ^-straight  line  path,  Jc   ,  joining  I  and  p  we 

get 
H  pj  (i)  =  tr(log  p)2   . 

Then 

(*)  tr(log  p)2  =  pj(i)  <  p^(f )  <  pR(f ) 

The  1 -parameter  subgroup  g(t)  =  exp(t  log  p)   is  a 
straight  line  in  logarithmic  coordinates*  in  particular, 

pj^g)  =  tr(log  p)2   . 

-1  - 
Moreover,  we  have  g   »g  =  log  p  ,  whence 

1 
(**)  (°r(s)  =  J  tr(log  p)2  =  tr(log  p)2  =  p^(g) 
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From  (*)  and  (**)  we  see  that  tr(log  p)   is  the 
minimum  length  and,  as  claimed,  the  1 -parameter  sub- 
grogp  is  a  geodesic  joining  I  to  p  .   Since  P»(f) 
=  tr(lag''p)    only  for  f  =  g  we  have  the  uniqueness 
assertior 
Let  ABC  ..denote  a  geodesic  triangle  in  P  .   Denote  by 
a,b,c  the  lengths  of  the  sides  opposite  the  verticies  A,B,  and  C 
respectively.   The  infinites simal  quadratic  form  gives  a  bilinear 
form,  in  the  standard  way,  making  it  possible  to  speak  of  the  cosine 
of  an  angle.  We  denote  the  angle  at  the  vertex  C  by  /  C  and 
we  have^' the  following  uLaw  of  Cosines":  inequality. 
Uemma  4* 

c2  >  a2+b2  ~  2ab  cos  X  C 

Proof :  Since  GL(n,R)   operates  in  P  as  a  transitive 
group  of  isometries,  we  can  assume  that  the  vertex  C 
is  '  I  .   Our  triangle  is  in  P 


In  logarithmic  coordinates  the  1 -parameter  subgroup 
joining  I  to  B  becomes  a  line  of  length  a  and  the 
1-parameter  subgroup  joining  I  to  A  becomes  a  line 
of  length  b  and  X  C  becomes  an  angle  of  the  same 
magnitude.   This  is  because  exp  \  J—>   P  induces  an 
isometry  of  the  tangent  space  at  0  ,  J[q   ,  to  the  tangent 
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space  at  I  ,  PT  .   Thus  we  have: 

p^f(IB)  =  pR(IB)  , 

pj(IA)  =  pR(IA)  ,  and 

i 

C0Si;  iL    C  =  COSp  /  C  j 

where,  in  general,   p(XY)   is  the  length  of  the  path 
connecting  X  and  Y  . 

We  have  p  (BA)  <  pR(BA)  -  c  .   By  the  Law  of  Cosines 
(for  euclidean  space) we  have: 

p^(BA)2  =  a2+b2  -  2ab  cos  ^  C 

and  hence 

pR(BA)2  =  c2  >  a2+b2  -  2ab  cosR  /  C   . 

Remark:   It  follows  that  the  sum  of  the  angles  of  a  geodesic 
triangle  does  not  exceed  1$0   .   The  reason  is  that 
c  <  a+b  assures  us  that  there  is  a  euclidean  triangle 


with  cos  X  C  = 


a2+b2-c2 


2ab 
The  inequality  above  yields 

c2  >  a2+b2~2ab  cos  i   C  ,  therefore 
""  a2+b2  2      r 
cos  4-  ^  —  ' '  2ab°  '   '  therefore 


4c<4 


? 
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It  turns  out  that  we  get  ISO0  as  the  sum  of  the  angles 
only  when  the  sides  lie  on  1-parameter  subgroups  which 
commute  and  the  negative  curvature  arises  from  the  fact 
that  1 -parameter  subgroups  do  not  commute  in  general. 
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A  proof  of  the  following  theorem  may  be  found  in  the 
Memoirs  paper  cited  above. 

ThepremJL »  Let  £  be  a  linear  subspace  of  J    satisfying 
the  condition  A) : 

[X,[X,Y]]  is  in  £     whenever  X  and  Y  are  in  £  , 
Set  f*   =  iY'  Y  e  J   and  tr  Y  g  =  0}  .   Set  E  =  exp  £ 
and  F  =  exp  Y • 

Then  the  map  /iJFKE  — >  P  given  by 

/;(f,e)  =  efe 
is  a  homeomorphism. 
For  our  purposes  here  we  may  assume  condition  AT}  — 

E  =  G  0  P 

where  G  is  an  analytic  group.   This  implies  that  condition  A) 

is  satisfied  for  if  E  =  G  Op  then  £_  =  G  0  Jl  .  We  prove  here 

the  following  theorem  which  is  apparently  weaker  than  the  one  above 

but  is  actually  equivalent  to  it: 

Theorem  1 f '»     Assume  £  satisfies  condition  Af)  .   Then 

fi    :  F  *  E  : >  P 

is  a  homeomorphism. 

Proofs  First  we  show  that  jll     is  infective .   If  x  is 

an  element  of  E  =  GOP  then  the  isometry  o-:P  — >  P 

x 

defined  by 

cr(y)  =  xyx 
leaves  E  invariant. 
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f 

■f- 

i| 

<??£>-  /£ 

Now  e-jfe-,  =  cr    (f)   and,  since  F  is  orthogonal  to  E  , 
the  triangle   (l)(e-,  )(efe)   is  a  right  triangle.   Given 
e-,  f i  =  ^2^2  with  e.  £  E  for   i  =  1,2  and  f  e  F  we 
have  the  geodesic  triangle   (e-,  H^o  Kei^ei  )   "t^le  sum  °^ 
whose  angles  total  more  than  160°  unless  e-,  =e?  ,  i.e., 

el  =  eQ     anc*  &     ^3   inJec"tive. 

Since  the  cosine  of  a  right  angle  is  equal  to  0 
we  have 

|efe|2  >  |ejR2  +  |f|R2  . 

2  2 

Hence,  if  either   |e|R   or   |f  |»   go  to  infinity  so 

does  the  left  hand  side  of  the  above  inequality  and  we 
see  that  the  inverse  image  (under  /j  )  of  a  bounded 
set  is  bounded.   As  the  inverse  image  of  a  closed  set 
is  closed  f  fi     is  continuous)  we  see  that  the  inverse 
image  of  a  compact  set  is  compact.   Thus,  the  image 
/c(F*E)   is  closed  in  P  .   The  principle  of  invariance 
of  domain  tells  us  that  if  we  have  a  continuous,  one~to° 
one  mapping  of  a  manifold  M  into  a  manifold  N  ,  then 
the  image  is  open.   Hence  /i(FxE)   is  open  in  P  and 
as  P   is  connected  //,(FxE)  =  P  and  the  continuous, 
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one-to-one  mapping  /.t  is  a  homeomorphism. 

Theorem  2*  Let  £  satisfy  condition  AT)  .   Then  the  map 

L/:  0(n,R)  x  F  /E  — >  GL(n,R)   given  by 

t>  (k,f ,e)  =  kfe 

is  a  homeomorphism. 

Proof:      First,      V     is   infective   -»-  for   if     k1f1e1    =   k0f0e0 
—  u  1112   2    2 


then 


6i  i-i  K-i  ik-i  -l-i  S-|  —  e^x^  iC/^xv^i/^e, 


'lxl  °1*1J,1°1  "   2"2  ">2"2J"2,=2 
and  since   k-,k,  =  -^2^2  =  t^Le  identity  we  have 

elfl  el  =  e2f2  e2 

2     2 

and  the  univalence  of  /.i     gives  e-,  =  e2  >  f-.   =  f? 

and  hence  f-,  =  fp  . 

Given  g  e  GL(n,R)  we  want  to  solve  the  equation 

g  =  kfe  with  e  e  E  ,  f  e  F,  and  k  e  0(n,R)  .   If 

2 

that  has  been  done  we  find  ef  e  «  tgg  is  positive 

2 

definite  and  symmetric*,  i.e.,   ef  e  e  P  .   Since  ft     is 

2 

surjective  we  can  find  e,f   and  hence  f  such  that 

2 

ef  e  =  tgg  ; 

i.e.,  g~  ef(fe)  =  G  .   This  implies 

feg"1  =  t(V1ef)  =  (Y^efT1 

and  so  feg™  e  0(n,R)  and  we  find  that  V    is  sur- 
jective.  Hence  0    is  a  homeomorphism. 
Let  H  be  a  closed  (connected)  subgroup  of  GL(n,R)  ,  such 
that  HO  P  =  E  and  H=  (H  00(n,R) )  •  (H  fiP)  .   Let  H  no(n,R) 
operate  in  0(n,R)   on  the  right  by  right  translations  and  in  F 
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on  the  left  fay  inner  automorphism',  i.e.,  for  x  e  HnO(n,R)   and 

CJ>  «=1 

y  e  F  we  may  write  y  =  exp  Y  with  Yet    and  then  xyx 
=  exp  (xYx~  )  and  xYx"   is  perpendicular  to  x£x~  =£   so 
that  xyx"  e  F  ■ .   Then  the  above  result  may  be  interpreted  as 
follows : 

Corollary :  With  the  above  conditions  on  H  we  have 

GL(n,R)/  =  K  *  F 

'H     HOK 

where  K  =  0(n,R)  . 

The  space  K  *  F  is  a  fiber-bundle  over  /u  ^ v      (which  is 

HOK  H0K 

compact)  with  fiber  F   (which  is  euclidean). 
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t 
Proposition:   Let  G  and  G   be  closed,  connected  subgroups 

of  GL(N,R)  with 

G  =  (G/10)-(GfiP) 

gt  =   (Grn  0)-(GT0  P) 

as  topological  direct  products.   Then,  as  a  topological 
direct  product  G=  (G  f)  0) '  (G  (]  F) .  (G  '.0  P  )  where  G /OF 
=  exp(^OG)   and  ^f    is  the  orthogonal  complement  to 
(G'nJ)      in  J  .  Moreover,  GflP  =  exp(G  ni)  . 
Proof.'  We  first  prove  the  assertion  about  G  D  P  .   Since 
exp(GHi)   is  closed  in  GOP  we  know  that   (GrtO) 
•  exp(GnJ?)   is  closed  in  G  .   It  is  a  submanifold  of 
the  same  dimension  and  hence  is  open  in  G  .   Hence, 

G  =  (GflO).exp(G  0  J) 
and  thus  we  see  that  G  OP  =  exp(G  (lJ)    . 

Now,  for  any  g  e  G  we  can  write  g  =  kfe  with 
k  e  0  ,  f  e  F  ,  and  e  e  GTfi  P  .   Then 

ef  e  =  gg  e  G 
and  f2  e  GOP  ,  so  f  e  exp(G  0  J)Oexp  *?  •   exp(G  f)  T) 
*hus 

G  =  (G  nO)(Gf)F)(GTn  P) 
and  G  OF  =  exp(G  f)T)  . 
We  now  take  up  the  conjugacy  of  maximal  compact  subgroups. 
Theorem:  Let  G  be  a  closed  (notnecessarily  connected)  sub- 
group of  GL(n,R)   such  that 
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G  =  (G  HO). (GDP) 
with  GOP  =  exp(G  ni)  . 

Then  any  compact  subgroup  of  G  is  conjugate  to 
a  subgroup  of  GOO  by  means  of  an  inner  automorphism 
of  G  . 
Proof:  Let  K  be  a  compact  subgroup  of  G  .   Consider 
the  operation  of  G  on  GOP  as  follows : 

s-  :  ff      >  x  (jSc 

for  x  e  G  and   (?  e  G  0  P  .   Setting  C  =  G  00     we  define 
the  map  if:   G/C  — >  GOP  by   ^f(gC)  =  gtg  .   G/C  is 
a  G~space  by  means  of  the  operation 

Xx  :  gC  — >  xgC  , 

for  x  e  G  .   The  equation 

f  (XxgC)  =  ^(xgC)  =  xgtgtx  =  tx   <p(gC) 
sIlqws  -that--_u?  gives  an  equivalence  of  G/C  and  GDP 

as  G-spaces.   Also  Kx~C  «  xQC.  .if  and  only  if 

-1 

Xq  Kxq  C  C  .   Thus  to  prove  the  conjugacy  it  is  enough 

to  prove  that  K  admits  a  fixed  point  in  GOP. 

The  idea  will  be  to  make  a  comparison  with  a  compact  group 

operating  in  euclidean  space. 

We  introduce  the  function  F  on  G  f|P  — 

F(tf  )  =  ^ pR(  tf,k(a))2dk 
K 

where  a  is  a  fixed  point  in  GOP   (this  is  the  .analogue 
of  the  centroid  in  .the  euclidean  case ) .   Here  we  are 
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writing  k(a)   for  ka  k  .   F((p  )   is  continuous  and 
non-negative  and  hence  has  a  minimum  value.   Choose  (fn 
so  as  to  minimize  F  .   As  the  map  a  ——>  <?  "V2  a  o  -I/2 
is  an  isometry,  we  may  replace  a  by  (P0~  '   a  (fQ""  ' 
and  find  that   I  minimizes  F  . 

By  Rollefs  theorem  the  directional  derivatives  of 
F  as  I  are  then  zero  for  all  direction.   On  the  other 
hand,  we  can  differentiate  under  the  integral  sign  getting 

6F(I)  =   5oR(I,k(a))2dk 
K 
Now ,  for  p  and  q  in  GOP  we  have 

,         v2  ,T     =1/2     1/2,2 


=  M<i>  p=1/V/V 

«.  n   ,  -1/2   1/2  n2 
=  tr[log(p  '    qp  '  )] 

l/2„   /  -1/2  °l/2  v -,2  =1/2 

=  tr  p  /  [log(p  '    qp  '  )j  p  / 

=  tr[log(pq~  )] 

as  we  see  by  looking  at  the  power  series  expansion  for 

log.   In  general,  given  a  power  series  f(x)  =  Za  x 

n 

we  find 


6  tr  f(p)  =  4L   tr  f(p(t))  =  i-,    2  tr(a  p(t)n)  . 


Setting  p(0)  =  6p  and  observing  that  -rr(p'p) 
=  p«p  +  p.p  we  have i 
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T/c    x    s 


6  tr  f(p)   =   2  2        tr  an  p    ^6P)p' 

n  r+s=n~l 


=   S   tr  n  a  p        op 

n 


=   tr  f(p)6p    . 

Holding   q  constant  we  have 

6  tr  logtpq"1)2  =  tr(2  logfpq"1 )  ■  (pq^1  J^.q^p)  , 

whence  the  equation 

(I)   0=  6F(I)  =   P  tr(2  log(q"1)6p)dk 

K 


n 
=  -2 


tr(log  k(a).6p)dk 
K 

for  all  6p  in  G  (]  J>    .      Thus   J  tr  log  k(a)dk  =  0  • 

K 

We  then  compare  this  data  with  that  we  get  for  the 

minimum  of  the  function 

L((?  )  =  [^  (  j>,  k(a))2dk 
K 

on  the  space  GP)P  •  We  have 

L(  J  )  =  J>  tr[log  (?  =  log  k(a)]2dk 
K 

and  the  equation 

(II)        0  =   6L  =     p  2tr(log£>  -  log  k(a))6(log  p)dk 

K 

for  all  6 (log  ft)      in  G  PI  J  .      For  a  point   (J  which 

minimizes  L  we  have : 
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n 


2 (log  f  -  log  k(a))dk  =  0 


K 


and  the  solution  for  log  (P   is  unique*   viz., 

J" [log  k(a)]dk 
log  j  =  °£— —  =  0  . 

2  r  dk 

K 

Since   (?  is  unique  and  (J>  =  I   satisfies  condition 
(II)  we  see  that  I  minimizes  L(  o  )     and  for  p  ^  I 

and  p  e  GD  P 

F(I)  =  L(I)  <  L(p)  =  ffj  (p,k(a))2dk 

K 

<  J^R(p,k(a))2dk 
K 

=  F(p) 

Thus  we  find  that  I  is  the  unique  minimum  for  F  . 
Now  K  operates  as  a  group  of  isometries  in  the 
Riemanniam  metric",  in  particular,   F(k(I))  =  F(l)   and 
so  k(I)  =  I  .   It  follows  that  K  has  a  fixed  point  in 
G/G  0  0  and  hence  K  is  conjugate  to  a  subgroup  of  GOO. 
Note  '  We  see  in  this  way  that  GOO  is  a  maximal  compact 
subgroup  of  G  .   This  assertion  follows  also  from 
the  fact  that  G/G  f)0     is  euclidean  space  and  that 
euclidean  space  admits  no  non-trivial  fibration  with 
compact  fibers. 
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Proposition   Let  J^>      be  a  real,  semi-simple  Lie  algebra  and  Jd 

a  semi-simple  subalgebra  of  JQ .   Identifying  the  complexifica 
tion  y^c      of  J^       with  a  subalgebra  of  the  complexification  Jfy c 
of  J3     in  the  obvious  manner,  we  let  aj „     and  a?  k  be  invariant 
compact  real  forms  of  „*£/«  and  x$p  respectively. 

Then  there  exists  an  inner-automorphism  r  of  x/   sending 
yjK  into  /**  v* 

Proof  Let  L   be  the  conjugation  of  % '   with  respect  to 
xj  K.   Let   Gp  denote  the  automorphism  group  of  -  j|jL  (recall 
that  Gq  is  an  algebraic  group).  The  analytic  subgroup 
determined  by  /J„     is  compact.   Hence,  by  the  theorem  of 
Lecture  XL  there  exists  an  automorphism  p  in  Gp  sending  /f^ 
into  A?K.  Now  Jjq     is  a  semi-simple  real  Lie  algebra  and 

is  a  Cartan  decomposition  for  Jf    -  Then  G  =  GK»exp/^T  ad  <l K 
since  G   is  algebraic  over  the  reals  and  G„  ■  -^jr*  Writing 
p  as  an  element  gK#expi/-T  ad  ..gK  and  observing  &yS     k)  ^-      K 
we  see  that  we  can  assume  p  £  expV^T  ad  ^  ^     an^ 

We  write  pp~  =  k*q  with  k  £  G,   and  q  £  expV^l  ad  x^K  . 
For  x^p(^)  we  have  Jc'qCxJ  =  pp^fx)  £pWg)  C  <^K  •   So 
the  element  x  ■  q(x)  is  in  7j 


K 


and 


X      =f(q(x))  -fq^ttfx))  . 
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Because     q  £  exp/\/^l  adx/.     we  have      ttfC     =  <T"       and  hence 


x  =  q  (x);  i.  e. 


K 


q(x)  ■  q~  (x)   and  then 


q2(x)  =  x 

for  all  x^p(^K).   Since  the  subgroup  of  GG  keeping  x 

2  t 

fixed  is  algebraic  and  contains  q   it  contains  q   for  all 

real  t  (q  is  a  semi-simple  automorphism  with  positive 

eigenvalues)",  i.  e.  ,  q  (x)  =  x  for  all  real  t. 

We  set         r  =  (p(p""1p,"2p""1):L/2p)1/2  .  We  recall  that 


pp   =  k-q 


Then 


p~  p  =  q#k~  ,  and  so 


-1-2-1  _  2 
p  p  p   «  q 


If  y  E  h  I     then 


K 


pqp(y)  =*  P2(y);  i.  e.  r2(y)  =  p2(y)  • 
We  claim  r  %\  C  -\  •   To  see  this  let  y  E#K  '  ^e  have 

^r(y))  -tr^itM)   -  r^rWy)). 

Since  p(y)  &%%     we  have  fp(y)  =  p(y)  -  hence, 

p^Uy)   =  P(y) 
t(y)  =  P2(y)  • 
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Now, 

r^trCy))  =  r-V(y)  =  r-Vfy)  =  r(y) 

and  we  • have 

?(r(y))  =  r(y)  . 

We  may  write  r  =  exp  ~\f-i   ad  X  and  since  r  =  r  we  have 

xead  c^/jyri/tfjj)  . 

Definition   Let  Gn     be  a  Lie  group  whose  Lie  algebra  G   has 

the  structure  of  a  complex  Lie  algebra  compatible  with  its 

canonical  real  Lie  algebra  structure.   By  a  compact  real 

form  of  Gp  we  mean  a  compact  subgroup  GK  satisfying 
•  •        • 

1)  GK  is  a  real  form  of  G  -,  i.  e.  G  «  GK  ©  C 

R 

2)  Gp  is  generated  by  GR  and  the  connected  component 
of  the  identity  on  Gp. 

If,  moreover,  Gfi  Q  GL(n,C)  and  GK  is.  stable  under 
complex  conjugation  we  call  GK  an  invariant  compact  real 
form  of  Gc  0   GL(n,R) 
Theorem   Let  G  and  G   be  algebraic  subgroups  of  GL(n,R). 
Assume  G  and  G   are  self-adjoint  with  respect  to  the  positive- 
definite  bilinear  forms  B  and  B   respectively.   Thenthere  is 
an  element  r  in  G  such  that  both  G  and  G   are  self-adjoint 
with  respect  to  the  transform  of  B  under  r. 

Proof  Let  QlJ!   ,  and  P  denote  respectively  the  set 
of  orthogonal,  symmetric,  and  positive-definite  symmetric 
elements  with  respect  to  B.   Then, 


/ 
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G  =  (G  HO)'  (G  (\  P) 
and  G  0   P  =  exp(GA  J  ).   Upon  extending  the  ground  field  to  C 
we  find  for  the  complexification 

Gc  =  (GCA  U)-(GC  0  Pc) 

where  U  is  the  unitary  group  on  C   of  the  hermitian  from 
Bp  and  Pp  is  the  set  of  positive-definite  hermitian  elements. 
Also,  we  have   (Gc  A  Pq)  «  exp(GcQ  V~TU) 

Gp  D  U  is  an  invariant  compact  real  form  of  Gp.  Similary 
Gp  has  a  compact  real  from  Gp  (I  U  .   Applying  the  proof  of 
the  preceding  proposition  we  obtain  the  desired  element  r. 

R e mark,  JU_  We  can  also  make  a  finite  chain  of  such  groups  simultaneously 

self-ad joint. 
Remark  2.   An  algebraic  linear  group  is  self -adjoint  with  respect 

to  some  form  if  and  only  if  it  is  fully  reducible. 

(cf.  Mo  stow  self-adjoint  groups.  Ann.  of  Math.  195) 
We  have  the  following  corollary  to  the  Proposition  above. 
Corollary  Given  Jj     3)  X/,  both  semi-simple  real  Lie  algebras 
there  exist  compatible  Cartan  decompositions*,  i.  e.  , 

with  K  3  K   and  c-  D  o  *,  viz.  ,  take  invariant  compact 

real  forms  M\     and  Jjf K     with  3  'KTZ   -^K-   Take  K  -  >^^g, 

£  -iAV=I/&K,  KT  =^/TnlK  and  £f*//!^JK. 
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We  denote  these  last  lectures  to  a  discussion  of  Ifconvariant 
fiberings"  of  manifolds  on  which  a  Lie  group  operates  transitively. 

Definition  Let  S  be  a  manifold  on  which  the  Lie  group  G 
operates  transitively.   A  covariant  fibering  of  S  is 
a  differentiable  fibering  into  euclidean  fibers  such 
that : 

1)  The  fibers  are  permuted  transitively  by  some 
maximal  compact  subgroup  M  of  G, 

2)  The  subgroup  M   of  M  keeping  any  fiber  F 
invariant  operates  as  a  linear  group  on  F 
(and  in  particular  keeps  a  point  x„  of  F 
fixed  since  it  is  compact). 

Thus   S  =  M  X  F 

F 

Denote  by  Gy  the  isotropy  subgroup  of  a  point  y  £S.   Let 

I     ~x  F 

G  =  G   where  x  is  a  fixed  point  in  F  with  M  x  =  x.   Then 

we  have  MF  =  M  C\  G*   and  S  =  G/GT   so  that 

G/GT  =  M    X     F  . 

mHg' 

We  can  see  that  MAG   is  a  maximal  compact  subgroup  of  G 
as  follows  -  by  Corollary  3  below,  the  maximal  compact  subgroups 
of  an  analytic  group  are  conjugate  under  inner  automorphism. 
Consequently,   G  f\    g~  Mg  is  a  maximal  compact  subgroup  of  G 
for  some  g  £[  G.   Then  gG  g"  f\    M  is  maximal  compact  in 
gG  g   =  Ge  .   Let  F   be  the  fiber  through  the  point  gx. 
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Then  MF  3  M  A  Gsx  -X     MF.   But  MF,   being  conjugate  to  MF 
by  an  inner  automorphism  of  M,   has  the  same  dimension  and  the 

F  F  P"V 

same  number  of  connected  components  as  M  •   Hence  M   =  M  0  G5  , 
and  M   is  isomorphic  to  a  maximal  compact  subgroup  of  G  CZ    Ggx. 

T 

Since  all  the  maximal  compact  subgroups  of  G  are  conjugate  under 

F 
inner  automorphism,  we  conclude  that  M   is  maximal  compact  in  G 

The  uniqueness  of  covariant  fiberings  is  proved  in  Mostow, 
Covariant  Fiberings  of  Klein  Spaces ,  Amer.  J.  of  Math,  v.  77, 
1955  (we  refer  to  this  paper  as  CFI).  The  existence  of 
covariant  fiberings  is  based  on  special  decompositions  of  G 
and  G  .  We  outline,  below,  a  proof  of  the  fact  that  any 
homogeneous  space  G/G  with  G  a  closed  analytic  subgroup 
of  the  analytic  group  G  admits  a  covariant  fibering. 

Lemma  1.   Let  G  be  a  locally  compact  group  such  that 

(1)  _>  y  — ->  G  -~ >  K  — i >  (1) 

is  exact,  where  V  is  a  normal  vector  subgroup 
and  K  is  a  compact  group.   Then  the  extension  . 
splits',  i.  e.,   G  =  K*V   (semi-direct).   Moreover, 
any  compact  subgroup  of  G  is  conjugate  to  a 
subgroup  of  K  by  an  inner  automorphism. 
Proof  Let  rc:G  ~ ~>  G/V  be  the  natural  projection.  Let  j 
be  a  map  of  G/V  — < ->  G  which  is  piecewise  continuous  [on  a  finite 
family  of  Borel  subsets  of  G(note  -  we  are  using  the  Haar 
measure  in  G  here)],  and  such  that  n  *  t  =  idejatiiy-* — We— define 
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a  "factor  set  function"   f :G/V  X  G/V  — >  V  by  the  formula 

f(x,y)<f(xy)  =  ^bc)f(y) 

for  x,y  £  G/V.   The  associate  identity  gives 

f((xy)z)  =  f(x(yz)) 


whence 


f(xy,z)  f(xy)f  (z)  =  f(x,yZ)f  (x)^(yz) 


and  then 


f(xy,z)f(xy)  f(x)f  (yz)  = 
f(x,yz)x[f(y,z)]  ^(x)f  (y)f  (z) 

where  x[v]  =  ?(x)vf(x4)   for  x  £  G/V  and  v  £  V.   We  use 
additive  notation  in  V  and  write 

(I)  x[f (y,z)]  -  f(xy,z)  +  f (x,yz)  -  f(x,y)  =  0  . 

In  the  context  of  cohomology  groups ,  this  says  that  f  is  a 
2-cocylce  in  the  non-homogeneous  standard  oomplex.   We  normalize 
the  Haar  measure  in  G  so  that  the  total  measure  of  G/V  is  1. 
Integrating  (I)  over  G/V  with  respect  to  z  we  set 

g(x)  =  Jf(x,z)dz 
G/V 

Then 

g(xy)  +  f(x,y)  =  g(x)  +  x[g(y)],   or 

f(x,y)  =  xg(y')  -  g(xy)  +  g(x);  i.  e. 
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f  is  a  coboundary. 

Set  9(x)  =  g(x)  V(x).   Then 
0(x)6(y)  =  g(x)-1^(x)g(y)"1^(y) 

=  g(x)~1x[g(y)]"'1f(xJy)  <f  (xy) 
=  gCxyT^Uy)  =  6(xy)  . 

Thus  0  is  a  homomorphism  and,  being  the  integral  of  a  measurable 
function,  is  continuous.   Thus,  the  image  K  =  9(G/V)  is  compact 
and  G  =  K»V   (semi-direct)  . 

For  the  second  part  of  the  assertion  we  argue  as  follows. 
Consider  the  canonical  operation  of  G  on  G/K.   Since  G  =  V*K 
(semi-direct^,  we  may  identify  the  operation  on  G  or  G/K  with 
affine  transformations  on  V.   K   being  a  compact  group  of 
affine  transformations  on  G/K,  keeps  some  point  fixed  —  indeed 

the  centroid  of  any  orbit.   Thus 

t  =-1  t 

K  VqK  =  vQK  for  some  vQ  (~  V  and  vQ  K  vQ  (2  K  . 

Note :  In  the  special  case  that  K  V  =  G,   the  forgoing  proof 
may  be  interpreted  as  the  assertion  H  (G/V,  V)  =  0.   Namely 
let  X.IG/V  —>  K   be  a  homomorphism  with  K  o  n   =  id.   Then 
\     determines  a  one  cochain  c(x)   via*   c(x)0(x)  =  Mx)  ,   and 
conversely  every  one  cochain  determines  such  a  X..   We  have 


c(xy)  =  c(x)  +  x[c(y)]c 

roKV 


and   v^V"1  C  K    -<=> 


c(x)  =  vQ  -  x[vQ] 

This  states  that  c(x)   is  a  coboundary  . 
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Corollary  J..  The  conclusion  of  Lemma  1  is  valid  if  V  is  a 

solvable  closed  normal  analytic  simply  ~  connected  subgroup. 
Proof  This  may  be  shown  by  induction  on  the  length  of  the 
sequence  of  subgroups 

v  =  v0d  v1>.ovn  =  (i) 

where     Y±^±  =    (v7,'f7T. 

Corollary  2.   Let  G  be  a  locally  compact  group  and  R  a  closed 
normal  solvable  analytic  subgroup  such  that  G/R  is  compact. 
Then  there  is  a  compact  subgroup  K  in  G  such  that 
G  =  KR   (not  necessarily  semi-direct).  Moreover,  any 
compact  subgroup  of  G  is  conjugate  to  K  via  an  inner 
automorphism. 

Corollary  }.      Let  G  be  an  analytic  group  and  let  M  be  a 

maximal  compact  analytic  subgroup.   Then  anyoompaet  subgroup 
of  ~:Gis  conjugate  to  a  subgroup  of  M  by  an  inner 
automorphism. 

Proof.   Let  R  be  the  radical  of  G.   If  dim  R  ■  0,  then  G 
is  semi-simple  and  the  result  is  known  for  the  adjoint 
group  of  G   .   There  upon  one  deduces  the  .  V-- 
result  for  G  itself.   If  dim  R  >  0  the  result  is 
already  proved  mod  R  and  we  apply  -Corollary  2. 

Remark  A  maximal  compact  analytic  subgroup  M  of  any  analytic 
group  G  is  a  maximal  compact  subgroup*  for,  if  M  Q  P 
and  P  is  a  compact  subgroup,  then  P  is  conjugate  to  a 
subgroup  P   of  M  and  we  have 
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MT  c pT   CM  C  P 

with  M?  X.   M  and  P?~  Pc   Since   dim  M*  =  dim  M,  MT   is  open  as 
well  as  closed-in  M.   Thus  M?  =  pT  =  M  and  M  =  P. 
Exercise   (Levi  Decomposition)   Let  G  be  an  analytic  group  and 
*~   R  its  radical.   Prove  that  G  admits  a  semi-simple 
analytic  subgroup  L  such  that  G  =  LR.   Moreover  all 
such  L  are  conjugate  by  an  inner  automorphism. 
Hint  : 

Let  xJ^   =  G  ®  (D  and  let  7_>       operate  on  J^/l  via 
complex  conjugation.   Let  G~  be  a  simply  connected 
analytic  group  with  Lie  algebra  G^,  and  let  Z? 
operate  in  -G«  via  complex  conjugation  on  x)„.      Form  the 
semi-direct  products  Z^  X  G^  and  Z2  >  (G^/IL,)  with 
R^  the  radical  of  G«. 

1)  Prove  that  any  maximal  compact  subgroup  of 

Z2  *  G£/R(C  is  a  comPact  real  form  if  it 
contains  Zp 

2)  Let  LK  be  a  subgroup  of  %2  *  G^  which  contains 

Z^  and  which  projects  onto  a  compact  real  form 

of  Z2X  G^/R^  .   Let  ^  »  LR  g)  C.   Then 

R 

G  =  (G  f)  c^o)  +  R   (semi-direct) 

3)  Prove  that  any  semi-simple  analytic  subgroup  of 
G  is  conjugate  to  a  subgroup  of  L  by  an  inner 
automorphism. 
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Definition:  Let  G  be  an  analytic  group  and  let  r   be 
a  group  of  automorphisms  of  G  .   By  a  T  -invariant 
exp-set  S  in  G  we  mean  a  subset  S  of  G  for 
which  there  is  a  family  of  independent  linear  subspaces 
jL  ,  JL  , . . .  ,  J      in  G  ,  each  invariant  under  r  (F  induces 
a  group  of  automorphisms  in  G  ,  cf.  Lecture  XII),   such 
that  the  map 

^-j  +  4>+  •••  +  ^r   """"">  exP  ^i  exP  "^2  "*"  ex^  ^r   ' 

is  a  homeomorphism  of  -a-,  +  ^L   +   •••  +  -*£.  onto    -*  . 

If  M   is  a  subgroup  of  G  ,  we  shall  denote  by  r  T  the 

=1  f  M 

group  of  inner  automorphisms  g  >  m  gm  with  m  e  M 

T 

Theorem^  Let  G  be  an  analytic  group  and  let  G   be  a 

t 
proper  closed  analytic  subgroup.  Let  M   be  a  maximal 

compact  analytic  subgroup  of  G   and  let  M  be  a 

T 

maximal  compact  analytic  subgroup  of  G  with  .M  C  M  . 

r 
Then  there  exist  r  T   invariant  exp-sets  F  and  E 

M 


such 

that 

G 

3= 

M« 

F«e' 

t 

G 

— m 

MT 

•E 

as  topological  direct  products. 
The  proof  comes  after  a  series  of  Lemmas. 
Lemma  l:  If  the  Theorem  is  true  for  G  ,  it  is  true  for  a 

covering  group  of  G  . 
The  proof  of  Lemma  1  is  left  as  an  exercise. 
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t 

Lemma  2 :   If  the  Theorem  is  true  whenever  G   is  a  maximal 

proper  analytic  subgroup  of  G  ,  then  it  is  true  for 

t 

any  G 

This  can  be  proven  directly  [cf „  Mostow,  Co variant  Fiberings  of 
Klein  Spaces  II,  Amer,  J.  Math.,  v. £4,  p. 466  (hereafter  referred 
to  as  CF  II)]. 

Lemma  3 :   Let  G  be  an  analytic  semi-simple  linear  group 

t 
and  let  G   be  a  maximal  analytic  subgroup.   Then  either 

t 

G   is  the  connected  component  of  the  identity  of  an 

T 

algebraic,  self-adjoint  group  or  G  =  KG   with  K  a 

compact  subgroup. 
See  Mostow,  On  Maximal  Subgroups  of  Real  Lie  Groups ,  Annals  of  Math. , 
v.74,  1961,  Theorem  3.2  and  1.5  .  See  also,  Mostow,  Self -adjoint 
Groups ,  Ann.  of  Math. ,  v. 62,  1955,  Theorems  5.1  and  7.1  . 

We  now  formally  begin  the  proof  of  the  Theorem  by  induction 

on  dim  G  . 

t 

Lemma  4 :  The  Theorem  is  true  if  G  =  KG   with  K  a  compact 

subgroup. 

Proof*  By  induction  we  have 

t     j   t 
G  =  M  -E 

? 
with  M   a  maximal  compact  analytic  subgroup  of  G  . 

The  subgroup  M   is  conjugate  to  a  subgroup  of  K  . 

After  changing  K  via  an  inner  automorphism,  we  may 

t    / 

assume  that  K  0  G  =  M  ',  then 

G  =  KG?  =  KMV  =  KET  . 
The  mapping  of  the  manifolds.  (0*   KxE  — >  G  given  by 
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(P(k,e)  -  ke  is  continuous  and  bijective  and  is,  thus, 
a  home omor phi sm. 

The  Theorem  is  true  if  either 
a)  G   contains  a  non-trivial  abelian  analytic  subgroup 


normal  in  G  ,  or 
b)   G  =  G  *  W  (semi-direct)  with  W  a  vector  subgroup 
normal  in  G  c 

The  proof  by  induction  in  each  case  is  immediate e 

.  t 

Lemma  6*  The  Theorem  is  true  if  G  =  G  ¥  with  W  a  non- 
trivial  abelian  analytic  subgroup  normal  in  G  . 

t 

Proof  i     The  connected  component   (G  /1W)-,   is  normal  in  G 

By  Lemma  5  a),  we  can  assume  it  to  be  trivial  and  thus 
we  can  assume  that  G  OW  is  discrete.  Let  T  be  the 

maximum  toroid  in  W  .   T  ,  being  stable  under  inner 

t 
automorphism  of  G  ,  is  a  normal  subgroup ,  and  G  T  is 

a  closed  subgroup  of  G  .   Thus  G  =  GT  or  TCG   . 

In  the  former  case,  Lemma  4  gives  the  result.   In  the 

latter  case,  we  have  T  =  (1)  and  W  is  a  vector  group „ 

This  is  the  case  that  remains  to  be  discussed. 

Let  U  denote  the  minimum  analytic  subgroup  of  W 

containing  G  OW  .   Then  U/G  f)W  is  compact  so  that 

G  U  is  closed  in  G  .   Thus  either  U  =  (1)  and  G 

-   G  x  U  (semi-direct )   or  G  =  G  U  .   In  the  former  case 

r 

we  are  done.   Assume  the  latter  case.  Now  G  f)U  being 

central  in  G  ,  the  inner  automorphisms  of  G  must  leave 
the  elements  of  U  fixed.   Thus  U  is  central  in  G  . 
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Let  M  be  a  maximal  compact  subgroup  of  G  .   By 
the  induction  hypothesis  choose  a  decomposition  M»E  ■  G/U  . 
By  Lemma  1 ,  we  may  assume  that  MU/U  =  M  .   Thus 

G/M/mu/m  -  G/MU  =  G/U/mu/u  =  »e7m  =  e  . 

Moreover,  MU/U  =  U/Mfii  U  =  U  ,  since  the  compact  subgroup 
M/1U  is  trivial.   Consequently,   G/M  ,  the  total  space 
of  a  fiber  bundle  with  euclidean  fiber  and  euclidean 
base,  is  simply-connected.   Then  the  quotient  space 

G/GTM  =  G' /GTM/M  >  being  the  image  of  G/M  under  a 
fiber  map  with  connected  fibers,  is  simply-connected. 
But  G   is  normal  in  G  =  G  U  and  the  quotient  group 
G/G  M  =  U/U  (\  G  M  is  a  compact,  abelian,  analytic  group} 

since  it  is  simply-connected  it  consists  of  the  identity 

t 

alone  and  G  =  G  M  .   The  Theorem  now  follows  from  Lemma  3. 

Lemma,  1  '•     Let  G  be  an  analytic  group  with  radical  R  .  Let 
G   be  a  closed  analytic  subgroup  of  G  .   Assume  that 
for  every  non-trivial  analytic  normal  subgroup  V  of  G  , 

the  topological  closure  of  G  V  is  G  .   Then  there  is 

t 

an  analytic  normal  subgroup  W  of  G  with  G  =  G  W  . 

This  is  Proposition  2.1  of  CF  I  . 

The  proof  of  the  Theorem  now  runs  as  follows .   By  Lemma  2 , 
we  may  assume  that  G   is  a  maximal  closed  analytic  proper  sul>»' 
group  of  G  .   If  G  has  no  radical  and  G  is  linear,  then!  either 
G   is  self-adjoint  or  G  =  G  K  with  K  compact.   In  tht^  former 
case,  the  result  has  been  proved.   In  the  latter 
case,  apply  Lemma  4.   If  G  has  a  radical,  then  we  can  assume  that 
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t 

a   has  no  analytic,  abelian  non-trivial  subgroup  normal  in  G  . 

Then  for  any  abelian  analytic  non-trivial  subgroup  V  we  have 
G  V  =  G  .   By  Lemma  7    ,      G  =  G  W  with  W  a  non-trivial  analytic 
abelian  subgroup.   The  result  now  follows  by  Lemma  6. 

£2£Pii§£X:   A  homogeneous  space  with  trivial  homotopy  groups 
is  homeomorphic  to  euclidean  space. 
Proof :  7ik(G/GT)  =  7ik(M/M0G!)  =  0  for  all  k  and  hence 
M/MT   is  a  point.   Thus 

G/G?  =  M  r*  F  =  V 

mHg 

T 

Remark:   The  special  case  that  G  =  M  ,  a  maximal  compact 
analytic  subgroup  of  G  ,  is  noteworthy.  Then  we  find 

G  =  M-E 

with  E  a  euclidean  subspace  ,  invariant  under  the  inner 
automorphisms  by  elements  of  M  . 

Remark  2  '•     The  existence  of  a  covariant  fiber ing  is  proved  in 

CF  II  for  the  somewhat  more  general  case  that  G  and  G 

have  a  finite  number  of  connected  components.   Thus,  if  G 

i  t 

and  G   have  a  finite  number  of  connected  components,  G/G 

can  be  deformed  by  retraction  to  M/M   ,  M  being  a  maximal 
compact  subgroup  of  G  , 
Exercise :  Let  M  be  a  maximal  compact  subgroup  of  the  analytic 
group  G  .   Let  S  be  a  subset  of  M  ,  and  let  Y     be  an 
inner  automorphism  of  G  with  r(S)  CM  .   Then  there  is 
an  element  k  e  M  such  that  y-  coincides  on  S  with  the 
inner  automorphism  by  k  . 
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